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Introduction 


This work is the author’s Honours thesis as an undergraduate student at Monash 
University in Australia. Its purpose is to introduce cohomology groups assuming 
as background little more than group, ring and field theory. The first three chap- 
ters are devoted to building up the necessary machinery from homological algebra. 
This includes module theory, basic category theory and the theory of derived func- 
tors. In chapter four these concepts are then applied to group cohomology. Whilst 
group cohomology did not historically arise out of the theory of derived functors, the 
author favored this approach nonetheless as the extra work required to understand 
homological algebra seemed a fair price to pay for a deeper understanding. 

The cohomology theory of groups arose from both topological and algebraic sources. 
As an example from algebra, suppose that the product of two matrices f and g is 
zero, i.e. go f = 0. Suppose also that g-v = 0 for some n-dimensional column vector 
v. It is then not always true that v = f -u for some vector u. However, the failure to 
be able to conclude so can be measured by the defect 


d = nullity g — rank f = n — rank f — rank g. 


In modern language, we would call d the homology module and write H = ker g/im f. 

On the topological side of things, it was Hurewicz who first introduced higher 
homotopy groups 7,(X) for n > 2 of a topological space X. Homology groups arise 
quite naturally in algebraic topology. We recall that a triangulation of a space X is 
a simplicial complex K together with a homeomorphism ¢: kK > X. Within such 
a complex, we can pass from higher dimensional simplices to lower dimensional ones 
through a so-called boundary operator O,. Quite intuitively, the boundary operator 
O, would send a 1-simplex or line segment AB of a simplicial complex to the point 
B-—A. Similarly, we send a 2-simplex or solid triangle ABC to its boundary, a line 
segment, BC — AC + AB via 02. If we denote the subspace of all n-simplices of R” 
by S,, we thus have a natural way of constructing a chain from any n-dimensional 
simplex to the empty set: 


CxS ee Ses. 


In fact, with the boundary operator defined as we hint to above, we could show even 
more: OnOn41 = 0. This is important because it tells us that the image of 0,41 lies 
in the kernel of 0, which enables us to form the n*” homology group (in the sense of 
a topological group) H,(C) = ker 0,,/im0,41. Note that this quotient again really 
measures a defect, namely by how much the boundary operator fails to be “exact”, 
that is, by how much the image and the kernel of two successive boundary operators 
differ. The study of these defects is at the heart of homological algebra which is said 
to have begun with the cohomology of groups. 


Chapter 1 


Modules 


In this chapter we review some background material from module theory needed in 
all subsequent chapters. For the entire article, we will let A denote a ring with unity 
element 1, 4 0. We begin with the definition of a A-module. 


1.1 A-modules 


A left A-module is an abelian group A together with a ring homomorphism w : A > 
End A where End A is the ring of endomorphisms of A. We will talk of A operating 
on A from the left and denote this action by simply writing Aa. The following rules 
are then satisfied for a,a,,a2 € A and A, A1, 2 € A: 


M1: (Ay + A2)a = A\a + A2Qa 
M2: (AiA2)a = A1(A2a) 
M3: la=a 
M4: X(a1 + a2) = Aay + Ade. 
A A-module homomorphism 6: M — N is defined as a homomorphism of abelian 


groups such that ¢(Am) = A¢(m) for m € M and \ € A. We also define a sequence 
of A-modules and A-module homomorphisms 


oe —> Mj_-1 FM: ac Ae pace 


to be exact at M; if im f; = ker f;,1. The sequence is said to be exact if it is exact at 
each M;. We have in particular: 


03M’ 4M 4M" 50 


is exact if and only if f is injective, g is surjective and g induces an isomorphism of 
coker f = M/f(M’) onto M”. A sequence of the preceding type is called short exact 


and we will also often write M’ 2 M > M". 


Let A, B,C,D be A-modules and let a, 8,7,6 be A-module homomorphisms. We 
say that the diagram 
As 
>| B 
C=") 


is commutative if Ba = dy: A— D. We shall need the following 


Lemma 1.1.1. Let A’ “s A» A" and B! “> B -» B" be two short exact sequences. 
Suppose that in the commutative diagram 


Ar? + A—£ > A" 0 


a! Qa al” 
bw : 


0 B' B—+B" 0 


any two of the three homomorphisms a’,a,al’ are isomorphisms. Then the third is 
an isomorphism also. 


Proof. The proof is an exercise in diagram chasing using exactness and commutativity. 
Details can be found in p. 15]. 


Let Hom, (A, B) denote the set of all A-module homomorphisms from A to B. We 
give this set an abelian group structure by defining for any A-module homomorphisms 
f,g: Ac B 


(f + 9)(a) = f(a) + g(a) (1.1) 


for all a € A. Given A-module homomorphisms 8 : B, + By and a: Ag + A, we 
obtain induced mappings 


G. : Hom,(A, By) + Homa(A, Bo), 6.(f) = Bf: A> Bo 
and 
a®* : Hom,(Ai, B) > Hom,(A2,B), a*(f) = fa: Ag > B. (1.2) 


Proposition 1.1.2. Let A! 4 A + A” > 0 and 0 > B’ 4 B +> BY" be exact 
sequences of A-modules. For any A-modules A and B the induced sequences 


* 


0 Hom,(A”, B)  Hom,(A, B) “+ Homa (A’, B) 
0 + Hom, (A, B’) “4 Homa,(A, B) Hom, (A, B”) 


are exact. 


Proof. This is again straightforward and can be found in p. 17]. 


Example 1.1.3. Let us calculate some Hom-groups. Let ¢ be an element of the 
respective Hom-group then 


e Homz(Z, Z,,) ~ Z, since ¢ is determined by where it sends 1 € Z and there are 
n choices; 


e Homz(Zm,Zn) ~ Zgca(mn) Since m@(1) = 0 mod n iff F¢(1) = 0 mod 4 iff 
#(1) € (0, 5,..., <P}; 
e Homz(Z, Z) ~ Z; 


e Homz(Z,, Z) = 0 since n¢(1) = 0 iff (1) = 0; 


e Homz(Q, Z) = 0 because letting p be a prime not dividing f(x) for some nonzero 
homomorphism f : Q > Z and some z € Q, we get f(x) = f(x/pt+...+2/p) = 
pf (a/p) which is a contradiction; 


e Homz(Q,Q) ~Q. 


We now show how to give Hom a A-module structure. Let A be a right A-module 
and let G be an abelian group. Regarding A as an abelian group also, we can form the 
abelian group Homz(A,G) as described above. Using the right A-module structure 
of A we define 


(Ad)(a) = o(@A), ae A,X € A, d € Homz(A, G) 


giving Homz(G, A) a left A-module structure. We can of course interchange “left” and 
“right” in the above construction. We obtain the following important proposition: 


Proposition 1.1.4. Let A be a left A-module and let G be an abelian group. Regard 
Homz(A,G) as a left A-module via the right A-module structure of A. Then there 
exists an isomorphism of abelian groups 


n=na : Hom,(A,Homz(A,G)) > Homz(A,G). 


Moreover, for every A-module homomorphism a: A— B the diagram 


Hom, (B, Homz(A, G)) —“> Homz(B, G) 


| F 


Hom,(A, Homz(A,G)) “> Homz(A, G) 
is commutative. 


Proof. Given a A-module homomorphism ¢ : A — Homz(A,G), define a homomor- 
phism of abelian groups ¢’ : A > G by ¢’(a) = ((a))(1),a € A. Conversely, given 
a homomorphism of abelian groups ¢ : A — G, define a A-module homomorphism 
w’ : A Homz(A, G) by (W’(a))(A) = dOa),a € A,A € A. The rest is just definition 
checking. 


1.2. Direct Sums and Products 


Let {A;},7 € J be a family of A-modules indexed by J. We define a A-module called 
the direct sum <7 Aj of the modules A; as follows: an element of Qj<7 Aj is a 
sequence (a;)j;ey7 with a; € A; and a; = 0 for all but a finite number of subscripts. 
Addition is defined by (a;) + (b;) = (a; +6;) and the A-module operation by \(a;) = 
(Aaj). We also define injections tx : Ax + jez Aj by tx(ax) = (b;) with bj = 0 
when j #k and by = ax for az € Ag. 


Proposition 1.2.1. Let M be a A-module and let {~; : A; > M},j € J be a family 
of A-module homomorphisms. Then there exists a unique homomorphism wW = (w;) : 
Djc, Aj + M, such that the diagram 


is commutative for all 7 € J. 


Proof. We define ~((aj)) = dij, ¥j(@j)- This is well-defined since all but finitely 
many terms in this sum are zero. 


We remark that the direct sum together with its injections is unique up to iso- 
morphism but omit the proof which just uses the above property also known as a 
universal property. Similarly, we define the direct product |] jes Aj; of a family of 
A-modules {A;},j € J indexed by J where the elements are again sequences (a;) je 
but with no restrictions imposed on the terms. We could thus have an infinite number 
of nonzero terms in such a sequence. Rather than injections, we define projections 
Te ? [Ljey Az Ax by 7x ((a;)) = ax and we have the following proposition very 


similarly to (1.2.1): 


Proposition 1.2.2. Let M be a A-module and let (6; : M > A;},j € J be a family 
of A-module homomorphisms. Then there exists a unique homomorphism ¢ = {93}: 
M- Hyes As such that for every 7 € J the diagram 


is commutative. 


Proof. We define ¢(m) = (¢;(m))je7- 


Finally we prove that Hom,(—,—) preserves sums and products. 


Proposition 1.2.3. Let A,B be A-modules and {A;},{B;},j € J be families of 
A-modules. Then there are isomorphisms 


n: Homa, | GD .4;,B) > |] Homa(A4;, B) 
ged jed 


¢ : Hom, A, |] 8; ze ] | Homa(A, B;)- 
jet jed 


Proof. Given w : @ A; > B, define n(q) = (~;);e7. Conversely we use the universal 
property of the direct sum since a given family {~; : A; + B} then gives rise to a 
map w: @ A; > B. The proof for the ¢-isomorphism is similar but uses the universal 
property of the direct product. 


1.3 Free and Projective Modules 


Let A be a A-module and let S be a subset of A. If the set 


Ag = 2 Ass: As € A,A; = 0 for all but finitely many s € S CA 
ses 


is all of A, we say that S is a set of generators of A. If A admits a finite set of 
generators, we say it is finitely generated. A set S of generators of A is called a basis 
if every a € A is uniquely expressible as an element of Ag. This is equivalent to saying 
that S must be linearly independent. Finally, if S is a basis of the A-module P, then 
P is said to be free on S or just free if we do not specify S. Alternatively, we could 


say that P is free if and only if P ~ ®,eg A by the following proposition: 


Proposition 1.3.1. Suppose the A-module P is free on S. Then P ~ @yegAs 
where A, = A as a left module for s € S. Conversely, B,-gAs is free on the set 
{la,,5 € S}. 


Proof. Define ¢: P + @® A, by ¢(a) = (As)ses where a = })o-gAs58 is the unique 
expression for a in terms of the given basis. Given s € S' we also define vw, : As > P 
by ws(As) = Ass. By the universal property of the direct sum the family {w,},5 € S$ 
gives rise toa map YW: @,cg As > P. It is clear that ¢ and ~ are mutual inverses. 


ses 


We will also need the following property: 


Proposition 1.3.2. Let P be free on S. To every A-module M and to every function 
f from S into the set underlying M, there is a unique A-module homomorphism 
o:P—>M extending f. 


Proof. Let f(s) = ms. Define @(a) = (95 As8) = SO Asms. 


This yields two very important results: 


Proposition 1.3.3. Every A-module A is a quotient of a free module P. 


Proof. Let S be a set of generators of A and let P = @.es A, with A, = A. As P 
is free on W = {1y,,5 € S}, we define f : W > A by f(1a,) = 5 and construct an 
extension ¢: P — A of f by (Qo .e9Asls) = seg As8 which shows that ¢ is indeed 
surjective and thus completes the proof. 


Proposition 1.3.4. Let P be a free A-module. To every surjective homomorphism 
e: B - C of A-modules and to every homomorphism y : P > C there exists a 
homomorphism 8: P + B such that «8B = ¥. 


Proof. Let P be free on S.. Since € is surjective, we can find b, € B such that for every 
s € S,e(b,) = y(s). Then simply define 6 as the extension of the function f(s) = bs. 
By the uniqueness of (1.3.2), we conclude e6 = y. 


Note that the last proposition states that Hom,(P,—) gives rise to a short exact 


sequence when P is free. To see this, let A “, B -» C be a short exact sequence of 
A-modules. Then given a homomorphism 7 : P > C, we can find a homomorphism 
B:P— B such that ¢8 = y. But this is exactly what we need to conclude that 


0 — Homa (P, A) “4 Hom, (P, B)  Homa(P,C) > 0 (1.3) 


is exact. Conversely, the exactness of (1.3) immediately implies (1.3.4). Modules 
possessing this property have a special name: a A-module P is projective if to any 
homomorphisms ¢, y with € surjective there exists 6 making the below diagram com- 
mute. 


B—+C 
For example, we see by that every free module is projective. 
Proposition 1.3.5. For a A-module P the following are equivalent: 
i) P is projective; 


ii) for every short exact sequence, the corresponding Hom, (P, —)-sequence is short 
exact also; 


iti) P is a direct summand in a free module. 


Proof. We already proved 1) = ii). So suppose P is projective. (1.3.3) constructs a 
surjective map @: F — P from a free module F' to P. Since P is projective, there thus 
exists a map 4: P > F such that ¢. = 1p. But this shows that v is injective whence 
P is a direct summand in F ~ @ A. Conversely, suppose P is a direct summand in 
a free module. Then P’ ~ P 6 Q for some free A-module P’ and some A-module Q. 
Hence P is projective by proposition below. This completes i) = itz). O 


Dualizing the concept of a projective module, we obtain the following definition: 
a A-module I is called injective if to any homomorphisms a, with p injective there 
exists 6 making the following diagram commutative: 


A—'+B 

ra 
a / 
goa 
I 


We also state: 


Proposition 1.3.6. A direct sum (direct product) of modules is projective (injective) 
if and only if each summand (factor) is projective (injective). 


Proof. See {HS} pp. 24, 30]. 


Chapter 2 


Categories and Functors 


This chapter is very heavy in definitions and many proofs of results will be omitted. 
We need, however, to go through these concepts to introduce the theory of derived 
functors upon which much of homological algebra is built. 


2.1 Basic Category Theory 

To define a category € we must first be given three definitions of their own: 

(1) a class of objects A, B,C,...; 

(2) to each pair of objects A, B of €, a set €(A, B) of morphisms from A to B; 


(3) to each triple of objects A,B,C, a law of composition €(A, B) x €(B,C) > 
(A, C). 


Suppose we are given a morphism f € €(A,B) and a morphism g € €(B,C), then 
we will denote the composition law by writing gf for the morphism in €(A,C). The 
rationale for this is that very often function composition will be this composition law. 
For f € €(A, B) we call A the domain and B the codomain of f. To be a category, 
€ must then obey the following axioms: 


Al: The sets €(A;, By), €(A2, Bo) are disjoint unless A; = Ag, By = Bo. 

A2: Given f: A> B,g: B>C,h:C—-D, then h(gf) = (ha)f. 

A3: To each object A there is a morphism 14 : A > A such that, for any 
f:A>B,g: COA, fla = filag=g. 


We call A2 the associativity of composition and A3 the existence of identities. 1, 
is called the identity morphism of A which is unique by A3. We also define a zero 
object 0 in € to be an object with the property that, for any object X € €, the sets 
€(X,0) and €(0, X) both consist of exactly one element. However, not every category 
has a zero object. Take for instance the category of rings with unity element and ring 
homomorphisms. 

An example of a category with zero object is the category of abelian groups with 
group homomorphisms: any one-element group is a zero object. 


The zero object, if it exists, is unique and in any €(X,Y) we have a morphism 
X + 0-Y, called the zero morphism also denoted by 0, such that Of = 0 and 
gO = 0 for any g € €(W,X) and any f € €(Y,Z). Finally, we will say that a 
morphism f : A > B of C is invertible if there exists a morphism g : B > A in C 
such that gf = 14 and fg =1 8. 


Remark 2.1.1. A few things to notice: 


1. By Al we distinguish for instance between the functions sin : R — R and 
sin : R > [—1, 1] in category theory although one may argue that they are “the 
same”. 


2. A composition gf of morphisms is only defined if the codomain of f coincides 
with the domain of g. 


3. The relation “A = B if there exists an invertible f : A > B” is an equivalence 
relation on the objects of a given category. It is a categorical concept but has dif- 
ferent names in different categories (isomorphisms of groups, homeomorphisms 
of spaces, 1-1 correspondences of sets). 

Example 2.1.2. Let us list some examples of categories: 

(a) The category G of sets and functions; 

(b) the category 6 of groups and homomorphisms; 

(c) the category 26 of abelian groups and homomorphisms; 

(d) the category i, of rings with unity element and ring homomorphisms preserving 
the unity element; 

(e) the category 94, of left A-modules, where A is an object of 94. 


Next we define transformations between categories. A functor F:€ > Disa 
rule which associates with every object X € € an object FX € D and with every 
morphism f € €(X,Y) a morphism Ff € €(F'X, FY) subject to the conditions 


F(fg) =(Ff)(F9), F(a) = Ira. 


Having defined functors in general, the notions of identity functor, composition of 
functors, invertible functors and isomorphic categories are all readily established. 


Example 2.1.3. Let us also list some examples of functors: 
(a) The embedding of a subcategory into the category the subcategory belongs to; 
(b) the free functor F : G — 2b sending a set S to the free abelian group on S; 


(c) in (1.1) we saw how to give Hom,(A, B) an abelian group structure. If we keep 
A fixed then we have a functor Hom, (A, —) : 9, > 2b. 


Note that we have an asymmetry in the last of the above examples: if we keep 
B fixed, then Hom,(—,B) : 9 — %t6 would not be a functor according to our 
initial definition since Hom,(—,B) sends a : Ag > A; to Homa(a,B) = a®* : 


Hom,(Ai,B) + Homa(Ag, B) as in (1.2). To reestablish symmetry, we refine our 
definition and call functors obeying 


feEt(x,Y)H Ff ¢ €(FX, FY) 
covariant functors and functors obeying 
fE(X, YH Ff c C( Fy, FX) 


contravariant functors. Thus, Hom,(A,—) is covariant while Hom,(—,B) is con- 
travariant. 


Let FG be two functors from € to D. A natural transformation n from F to G is 
a rule assigning to each X € € a morphism nx : FX — GX in D such that, for any 
morphism f : X > Y in C, the diagram 


re ey 


rs| or 


Fy —=+ cy 


is commutative. This is best understood by looking back at (1.1.4). We then see that 
the proposed isomorphism in that proposition is natural. If 7x is invertible for each 
X then 7 is called a natural equivalence and we write F ~ G. Moreover, if there is a 
natural equivalence 
n=nxy :D(FX,Y) > €(X,GY) 

we say that F is left adjoint to G and G is right adjoint to F. For example, in 
proposition we considered the functor Homz(A, —) : 26 — t,. If we denote 
by F': Ma — Ab the forgetful functor reducing a A-module to its underlying abelian 
group, then states that there is a natural equivalence 


n: Hom,(A, Homz(A,C)) + Homz(FA,C), A€ Nt,,C © Ub. 


Hence, F is left adjoint to Homz(A,—) and Homz(A, —) is right adjoint to F’. These 
definitions lead to the following useful 


Theorem 2.1.4. If G:D — € has a left adjoint then G preserves products and 
kernels. 


Proof. See {HS} p. 68}. 


As a special case, this shows that Homz(A,—) preserves products as was shown 


in generality in proposition (1.2.3). 


We also define an additive category 2 to be a category with zero object in which any 
two objects have a product and in which the morphism sets 2((A, B) are abelian groups 
such that the composition 2(A, B) x 2(B,C) — 2(A,C) is bilinear. For example, 
we have shown in part before that It, is an additive category. We remark that in 
an additive category finite sums and products are the same p. 5]. Finally, let 
F :2— % be a functor between two additive categories. Then we define an additive 
functor to be a functor that preserves finite sums, or equivalently, preserves finite 
products. For details see p. 77]. As an example, we have shown in that 
Homa, (A, —) is additive. 


10 


2.2 Ext and Tor 


In this section we shall introduce two new bifunctors Ext, (—,—) and Tor, (—,—) from 
the category of A-modules to the category of abelian groups. 


A short exact sequence R “, P + A of A-modules with P projective is called a 
projective presentation of A. Notice that tells us that in It, every object 
has a projective presentation (just construct a short exact sequence from the given 
surjective map together with its kernel). Moreover, (1.1.2) tells us that a projective 
presentation induces for any A-module B an exact sequence 


0 + Hom, (A, B) £ Homa, (P, B) “+ Homa(R, B). (2.1) 


To given modules A and B and a chosen projective presentation R “ P-» A of A, 
we can then associate the abelian group 


Ext, (A, B) = coker(u* : Hom, (P, B) > Hom, (R, B)). 


Elements in Ext4(A,B) are thus equivalence classes of A-module homomorphisms 
from R to B with two homomorphisms belonging to the same equivalence class if 
their difference extends to P. We note that a given homomorphism 8 : B > B’ 
will map into the corresponding sequence for B’ yielding the induced map 
GB, : Ext, (A, B) > Ext4 (A, B’). Ext4 (A, —) is then easily checked to be a covariant 
functor from St, to 2b. It can be shown that there exists a natural equivalence 
between functors Ext, (A,—) and Ext, (A, —) for two different given projective pre- 


sentations P -» A and P’ -» A of A. See [HSI p. 90] for the proof. We are thus 
justified to drop the superscript ¢ and just write Ext,(A, —). 


Given a: A’ > A, it can be shown that Ext,(—, B) is a contravariant functor. To 
do this, take projective presentations P —» A and P’ -» A’ of each of A and A’ and 
note that since P’ is projective, it induces a map 7 such that the diagram 


0 R’ P’ A’ 0 
0 R P A 0 


is commutative. The map 0 : R’ > R we need to define a* : Ext,(A,B) > 
Ext,(A’, B) is then just the restriction of 7 to R’. In this situation we say that 
w lifts a. 


We also remark that we could construct a functor Ext,(—,B) by choosing an 
injective presentation of B, that is, an exact sequence B “. 7-4 § with I injective, 
and defining Ext, (A, B) as the cokernel of the map 7. : Hom,(A, I) + Homa (A, $). 
Again one shows that Ext, (—, —) is a bifunctor independent of the chosen injective 
presentation. Moreover, one can show that there is a natural equivalence between 
Exta(—,—) and Ext,(—,—) (see p. 96]) and we shall thus only use the notation 
Ext,a(—,—) for the remainder of the article. 


11 


Proposition 2.2.1. Ext,(—,—) preserves products and sum. 


Proof. Let {A;} be a family of A-modules. Choose a projective presentation Rj; 
P,; — A; of each A;, then @ R; — @ P; > @ A; is a projective presentation of PB A; 


by (1.3.6). Using (1.2.3), the following diagram says it all: 


Homa (Q A;, B) +Homa(@ P;, B) +Homa(@ R;, B) Ext a (@ Ai, B) 


[[ Hom, (A;, B) +]] Hom, (P;, B) +] Hom, (R;, B) >] Exta(A;, B) 


A similar proof works for products. 


Example 2.2.2. Let us calculate Ext-groups for finite abelian groups. By the above 
proposition we only need to consider cyclic groups. Since Z is free as as a Z-module, 
we choose 0 + Z — Z as projective presentation of Z. It then follows immediately 
from the definition that Extz(Z,Z) = 0. To compute Extz(Z,,Z) and Extz(Z,, Z,), 
we choose the projective presentation 


Zs Z > Dp 


where y is multiplication by r. Taking (covariant!) Hom(—, Z) and using (1.1.3) we 
get the diagram 


* 


Homz(Z,,Z) ——> Homz(Z, Z) > Homz(Z, Z) —>> Extz(Z,,Z) 


| |, | 


0 Z 7 Z 


from which we conclude Extz(Z,,Z) ~ Z/rZ = Z,. Similarly, from 


* 


Homz(Z,, Z,) ——> Homz(Z, Z,) ee Homz(Z, Z,) —+> Extz(Z,, Z,) 


|, | 


Leca(r,q) q q 


we get Extz(Z,,Zq) ~ Zq/TZg = Zgca(r,q)- 
Next we introduce a handy tool that will be needed often. 


Lemma 2.2.3 (Snake Lemma). Let the following commutative diagram, called a 
snake diagram, have exact rows. 


44 


0 A Bh 


Then there is a connecting homomorphism 6 : ker-y + coker a such that the following 
sequence is exact: 


ker a “$ ker 6 = ker 7 ’. coker a “$ coker B =s coker Y. 
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Proof. This lemma is a standard result in commutative and homological algebra. For 
the proof consult p. 158}. 


From this result, we now obtain the Hom-Ext-sequences: 


Proposition 2.2.4 (Hom-Ext-sequence in the second variable). Let A be a A-module 


w . : 
and let B’ & B-» B" be an exact sequence of A-modules. There exists a connecting 
homomorphism 6 : Hom,(A, B”) + Ext,(A, B’) such that the following sequence is 
exact: 


0 > Homa (A, B’) 2 Homa(A, B) “$ Homa (A, B”) 
4, Ext, (A, B’) & Exta(A, B) 3 Ext,(A, B”). 


Proof. To prove this, choose any projective presentation R “, P+» Aof Aand apply 
(2.2.3) to the below commutative diagram with exact rows and columns. 


Homa (A, B’) —% > Homa (A, B) — “> Homa (A, B”) 


Y Y 
0 ——> Hom, (P, B’) ——> Homa (P, B) ——> Homa (P, B”) —> 0 


Y Y 
0 —— > Hom,(R, B’) —~ Hom,(R, B) ——> Hom,(P, B”) 


V é Y F V 
Ext,(A, B’) — — > Exta(A, B) — — > Ext,(A, B”) 


Note that the second line is exact by (1.3.5). To show the resulting sequence is 
independent of the chosen projective presentation of A, consult p- 101). 


One can also prove 


Proposition 2.2.5 (Hom-Ext-sequence in the first variable). Let B be a A-module 


and let A’ 4 A be A” be an exact sequence of A-modules. There exists a connecting 
homomorphism 6 : Hom,(A’, B) > Ext,(A”, B) such that the following sequence is 
exact: 

0 > Hom,(A", B) “+ Homa (A, B) % Homa(A’, B) 
E 


* 


4, Ext,(A”, B) & Ext, (A, B) & Ext,(A’, B). 


Proof. p. 102] 


Note that these two propositions give us a new interpretation for Ext-groups: they 
extend exact sequences into longer exact sequences on the right. 


Corollary 2.2.6. The A-module A is projective if and only if Ext,(A, B) = 0 for all 
A-modules B. 
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Proof. Suppose A is projective. Then 1: A + A is a projective presentation, whence 
Ext,(A, B) = 0 for all A-modules B. Conversely, suppose Ext,(A, B) = 0 for all B, 
then 

0 + Hom, (A, B’) > Hom, (A, B) + Hom, (A, B”) > 0 


is exact by (2.2.4). By A is projective. 


Similarly, one can prove 


Corollary 2.2.7. The A-module B is injective if and only if Ext,(A, B) = 0 for all 
A-modules A. 


We now introduce two more functors one of which was already announced earlier: 
the tensor product and the Tor-functor. 


Proposition 2.2.8 (Universal Property of the Tensor Product). Let M,N be A- 
modules. Then there exists a pair (T, g) consisting of an A-module T and an A-bilinear 
mapping g: Mx N + T, with the following property: given any A-module P and 
any A-bilinear mapping f : Mx N — P, there exists a unique A-linear mapping 
f':T > P such that f = f’ og (in other words, every bilinear function on M x N 
factors through T). 

Moreover, if (T,g) and (T',g’) are two pairs with this property, then there exists a 
unique isomorphism j7:T + T" such that jog = 4g’. 


Proof. Let us prove uniqueness of the pair (T,g) up to isomorphism first. We have 
the following situation: 
MxN 2? 
g | Z on 
j 


7 
qe 


Here the maps 7 and j’ are given to us by the proposition and it is clear that they 
are mutual inverses so indeed T ~ T’. 

Next we prove existence. Let C = AM@*™ be a free A-module. So elements in C are 
of the form O?_,A;(@i, yi) where A; € A, x; € M,y; € N. Let DC C be generated by 
all elements of the types 


(c+ a',y) — (x,y) — (2,y) 
(z,yty’) — (zy) - (@,y’') 
(Az, y) _ A(x, y) 

(a Ay) _ A(x, y) 


Let T = C/D and let x ® y be the image of (x,y) in T. Then (a +2’) @y = 
x®y+a' @®y and similarly for all the other relations we would require for bilinearity. 
Sog:MxN-T such that g(z,y) = 2 ®y is A-bilinear. Now let f: Mx N—>P 
be a function and extend f by linearity to a function f on C. Since f vanishes 
on D it induces a well-defined A-module homomorphism f’ : T — P such that 
f'(~®y) = f(x, y) which defines f’ uniquely. So the pair (T, g) satisfies the conditions 
of the proposition. 


Remark 2.2.9. The module T constructed above is called the tensor product of M 
and N and is denoted by M ®, N. The subscript on the tensor product is extremely 
important as it tells us with respect to which ring the tensor product is bilinear just as 
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the subscript for example on Hom,(A, B) and Homz(A, B) told us whether to regard 
A and B as A-modules or as abelian groups. 


There are several natural isomorphisms of particular importance: 


Proposition 2.2.10. Let M,N, P be (A, K)-bimodules. Then there are unique nat- 
ural isomorphisms 


(a) M@,;N>7N@\M; 

(6) (M@aN) 8, P>M@ja(N@a P) FM @\N@aP; 
(c) A@, M > M; 

(4) (M®, N) @x P+ M®q(N @x P). 


Proof. The proofs use the universal property of the tensor product. Details can be 
found in [AM] p. 26]. 


For any a : A — A’ we define an induced map a, : A®, B > A’ @, B by 
a, (a®b) = (a@1g)(a@b) = a(a) @b for a € Aand be B. A similar definition holds 
for any 6: B + B’ and we quickly check that — ®, — becomes a bifunctor from It, 
to 2b. 


Proposition 2.2.11. For any right A-module A, the functor A ®, — is left adjoint 
to the functor Homz(A, —). 


Proof. We have to show that there exists a natural transformation 7 such that for 
any abelian group G and any left A-module B 


7: Homz(A ®, B,G) > Homa(B,Homz(A, G)). 


Given a homomorphism ¢: A @®@, B — G of abelian groups we define a A-module 
homomorphism ¢’ : B + Homz(A,G) by (¢'(b))(a) = ¢(a @ b). Conversely, given a 
A-module homomorphism 7 : B — Homz(A,G) define a homomorphism of abelian 
groups wy’: A@, B > G by y’(a@ b) = (w(b))(a). The rest is again just definition 
checking. 


As an immediate consequence of the above proposition and the dual to theorem 
(2.1.4) we have 


Proposition 2.2.12. i) Let {Bj}je7 be a family of left A-modules and let A be a 
right A-module. Then there is a natural isomorphism 


A®s |B; | 7 B4Ae®a B)). 


JET JET 


ii) If B’ 5. B®, BY +0 is an exact sequence of left A-modules, then for any right 
A-module A, the sequence 


A®, B’ 3 A@, BSS A®, B” 30 
as exact. 


Similarly, one could of course show that — @, B is left adjoint to Homz(B,—) and 
a proposition analogous to the one above would result. 
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A covariant functor F' is said to be left exact if it transforms exact sequences of the 
form 0 —+ A’ + A — A” into exact sequences 0 > F'A’ —> FA > FA". Similarly, 
a contravariant functor F' is said to be left exact if it transforms exact sequences of 
the form A’ + A — A” — 0 into an exact sequence 0 > FA” > FA > FA’. It is 
obvious how to define right exactness of a functor. As an example, Hom, (-—, B) is a 
contravariant left exact functor while A ®, — is a covariant right exact functor. We 
also define a left A-module B to be flat if tensoring by B transforms exact sequences 
into exact sequences. We have 


Proposition 2.2.13. Every projective module is flat. 


Proof. A projective module is a direct summand in a free module by (1.3.5). Since 
the tensor product preserves sums, it is thus sufficient to prove that free modules are 
flat. But free modules are again direct sums of their base ring and it is thus sufficient 
to prove that A as a left module is flat. But this is trivial since A®@, Aw A. 


We now define the functor Tor. Let A be a right A-module and let B be a left 


A-module. We can tensor a given projective presentation R “4, P-» Aof A by B and 
define 
Tor4(A, B) =ker(p.: R@~, Bo P@y B). 


Just like Ext,, we can make Tor4 (A, —) into a covariant functor by defining, for a 
given map 3: B > B’, 8, : Tor4(A, B)> Tor’ (A, B’) in the obvious way. Again, one 
shows that Tor (A, —) is independent of the chosen projective presentation and just 
writes Tor“(A,—). Given a: A > A’, we can also make Tor“ (—, B) into a covariant 
functor by lifting a in the same way we lifted a in the construction of Ext, (—, B) 
thus defining a, : Tor“ (A, B)-> Tor*(A’, B). As with Ext, one could define another 


covariant functor Tor, (—, B) via a projective presentation in the first variable. Note 
that we do not have to use an injective presentation since the tensor product is covari- 
ant in both variables. One shows independence of the chosen projective presentation 


=—A 
7 and constructs a natural equivalence between Tor*(—,—) and Tor (—,—). From 
now on, we will thus simply write Tor*(—, —). 


Similarly to (2.2.4) and (2.2.5), one can show that for given exact sequences B’ “ 


B-» B” and A’ “5 A—» A” there are exact sequences 
Tor’ (A, B’) %$ Tor’ (A, B) 4% Tor(A, B’) 2 A@, B’ 
“3 A@,B3 A@, B” 50 
and 


Tor’ (A’, B) %$ Tor’ (A, B) “3 Tor’(A”, B) 2 A’ @, B 
3 A®, BA" QB 0. 


We could thus think of Tor as extending exact sequences into longer exact sequences 
on the left. In analogy to (2.2.6), we finally prove 


Proposition 2.2.14. If A or B is projective, then Tor*(A, B) = 0. 
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Proof. If A is projective, then A is flat by (2.2.13). Hence 
072 A®SHABQHOABBOD 


is exact. Thus Tor*(A, B) = 0. Similarly for B. 
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Chapter 3 


Derived Functors 


In this chapter we generalize the functors Ext and Tor introduced in the last chapter 
in the theory of derived functors. This is the last and most fundamental step on 
our road to group cohomology as the (co)homology groups will be defined precisely 
through these derived functors. 


3.1 Complexes 


We define a chain complex C = {C,,0,} over A as a family {C,}nez of A-modules 
together with a family of A-module homomorphisms {0,, : Cy, 4 Cn—1}nez such that 
OnOn+1 = 0: 


Cotes ei CO. oa 


A homomorphism 0,, is called a differential or boundary operator. The kernel of 0, 
is called the module of n-cycles of C and denoted by Z, = Z,(C). The image of 
On4+1 : Crti > Cy is the module of n-boundaries of C and written B, = B,(C). 
Because 0,0n41 = 0, we can form 


H(C) ={H,(C)}, where H,(C) = Zn/Bn, néZ 


called the n*” homology module of C. 


If we reindex the above definition with superscripts C” = C_,, we obtain the fol- 
lowing dual notion. A cochain complex C = {C", 0"} over A is a family {C"}nez of A- 
modules together with a family of A-module homomorphisms {0” : OC" > C"*1} ez 
such that 0"0"—! = 0: 


-1 


_1a" an 
Cx Oe CP SCT Shes 


Again, 0” is called a differential or coboundary operator. Z” = ker 0” is the module 
of n-cocycles and B® = im0"~! is the module of n-coboundaries and we define 


H(C) ={H"(C)}, where H"(C) = Z"/B", neZ 


is the n“” cohomology module of C. 
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We now show that H(—) can be made into a functor. Define a chain map @: C > D 
as a family {dn : Cyn > Dn}nez of homomorphisms such that, for all n, the diagram 


On, 
Ch ——> Ch-1 


|. fon 
é 


Dy, —> Dn-1 


is commutative. 

A chain map @: C > D induces a well-defined morphism H(@) = @, : H(C) > 
H(D). To see this, suppose that 7,y € Hn—1(C). We then need to show that 
whenever x—y € imOp, ie. On(z) = x—y for some z € C, then dn_1(x—y) € im dn. 
But since the above diagram commutes, we get @n—1(@—y) = n—1°On(Z) = OnoGn(Z). 
Hence ¢n_1(x — y) € On. 

With this definition, it can be checked that H(—) becomes a functor called the 
(co)homology functor from the category of (co)chain complexes over A to the category 
of A-modules. Because H(—) is actually a collection of functors, we give it a special 
name: we call H(—) a (co)homological 6-functor (see section for the precise 
definition). 


Let us now restrict our attention to positive chain complexes, that is, chain com- 
plexes of the form 


Ci» 3 Cy 9 Cn-1 9 OO 0 


with C,, = 0 for n < 0. Such a chain complex is called projective if Cy, is projective 
for all n > 0. Moreover, we call it acyclic if H,(C) = 0 for n > 1. Note then that C 
is acyclic if and only if the sequence 


> Cy > Cn-1 9 +++ 3 Ci > Co > Ho(C) > 0 
is exact. A projective and acyclic complex 


P:---3P, 3 Phi 3 + 3 Po 


together with an isomorphism Ho(P) -> A is called a projective resolution of A. We 
say that an abelian category €, that is, a category in which every map has a kernel 
and a cokernel (for a precise definition see p. 6]), has enough projectives if for 
every object A of € there is a surjection P —» A with P projective. We then claim 
that in an abelian category € with enough projectives, every object X ©€ € has a 
projective resolution. We illustrate the proof in the category It,: 


Proposition 3.1.1. To every A-module A there exists a projective resolution. 


Proof. We have seen in (1.3.3) that we can find a projective presentation R; — Po > 
A of each A-module A. We then simply continue to find projective presentations 
Rp 3 Pi —> R, of R; and of Rz etc. We obtain a projective resolution by splicing 
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these sequences together. That is 


Dually, one can also speak of injective resolutions of a given A-module A, that is, 
positive acyclic cochain complexes 


T:09h 9 hoOho: oho Ih: 


with each I, injective, H"(I) = 0 for n > 1 and an isomorphism H°(I) + A. We will 
say a category € has enough injectives if every object has an injective presentation. 
This would be enough to guarantee that every object also has an injective resolution. 
It can be shown that every A-module is a submodule of an injective A-module 
p. 35]. Hence It, has enough injectives. 


3.2. Derived Functors 


We are now ready to talk about derived functors. Let T : Jt, — 26 be an additive 
covariant functor, then L,T : Nt, > Ab for n > O is called the n left derived 
functor of T. The value of L,T on a A-module A is computed by choosing a projec- 
tive resolution P of A, forming the complex TP and taking homology. Then define 
L,TA = H,(TP). That this definition makes sense and is independent of the chosen 
projective presentation can in fact be verified with the tools we have developed thus 
far but in order to move on quickly to group cohomology we refer the interested reader 
to [HS] p. 132]. Instead, we study some properties of these functors. 


Proposition 3.2.1. Let T : Mt, — Ab be right exact. Then LoT and T are naturally 
equivalent. 


Proof. Let P be a projective resolution of A. Then --- > P, ~ Py > A - Ois 
exact and since T is right exact --- ~ TP, ~ TP) > TA — 0 is exact also. Hence 
Ho(TP) ~ TA. It is not hard to see that this isomorphism is natural. 


Proposition 3.2.2. For P a projective A-module L, TP =0 forn> 1. 


Proof. Clearly P:--- > 0— Py > 0 with Py = P is a projective resolution of P. 


Similarly, we also define right derived functors: let T : Nt, — 26 again be an 
additive covariant functor, then R°T : Nt, — 2Ab6,n > 0 is called the n*” right derived 
functor. For any A-module A, the abelian group R"T'A is computed by taking an 
injective resolution I of A, forming the cochain complex TT and taking cohomology, 
ie. R°TA=A"(TT,n>0. 
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Proposition 3.2.3. For I an injective A-module, R°TI = 0 for alln > 1. Moreover, 
if T is left exact, then R°T is naturally equivalent to T. 


Proof. Same strategy as for the last two results. 


We now return to the idea of interpreting Ext and Tor as functors extending short 
exact sequences into longer ones. As we are hoping to generalize these functors, one 
may expect the left and right derived functors to extend short exact sequences into 
even longer ones. First we show how to construct long exact (co)homology sequences. 


Theorem 3.2.4. Given a short exact sequence A 4S B a C of (co)chain complexes, 
there exists a morphism 6: H(C) — H(A) such that the triangle 


is exact. As in previous cases, we call 6 the connecting homomorphism. 


Proof. We prove this result for chain complexes only since the proof for cochains is 
analogous. To ease notation, let us write 0, for all differentials of the given chain 
complexes. Note that for every chain complex C a differential 0, : C, — Ch_1 
induces a map Op, : coker On41 = Cn/imOn41 —- Cp/ ker On © im Op C ker 0,1. This 
also shows that ker 0, = ker 0,/im 0n41 = Hy(C) and coker 0, = ker 0,-1/im0, = 
H,-1(C). Applying the snake lemma to 


0 >Ay a >By vs >Cy >0 
on-1 Wn-1 
n—-1 Bn- 1 Ch—1 


and using the above induced map 9, we get the following commutative diagram 


H,,(A) _——>H,, (B) ——_>H,,(C) 


Y Y Y 
coker On4+1——>coker 0,,41——>coker 0,41-——>-0 


On On On 


Q—>+ker 0, —_ 1 ————> ker 0n —1 ————>ker 0n,-1 


Y Y Y 
A,—-1(A) ——> Hn-1(B) ——>Hn-1(C) 


with exact rows. We apply the snake lemma again to deduce the existence of the 
connecting homomorphism 6, : H,(C) > Hn—i(A). 


We next show yet another way of constructing projective resolutions. 
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Lemma 3.2.5 (Horseshoe Lemma). Suppose we are given a commutative diagram 


TA 


Pi! —> Pi!» Pi => A" —>0 


0 


where the column is exact and the rows are projective resolutions. Set P, = P! ® Pl’. 
Then the P, assemble to form a projective resolution P of A and the right-hand 
column lifts to an exact sequence of complexes 


PS PS P", 
where tn, : P) — P, and tm, : P, > P"' are the natural inclusion and projection 
respectively. 


Proof. The name of this lemma stems from the fact that we have to fill in the 
horseshoe-shaped diagram. To do this, lift «” to a map 6 : Pi’ > A such that 
maQ =e". By the universal property of the direct sum, we form ¢ = (6,t4¢’) : Py > A 
such that the diagram below commutes. 


Since the right two columns of this diagram are short exact, we can apply the snake 
lemma to get the exact sequence 


kere” > kere > kere’ > 0 > cokere > 0 


which shows that the sequence of kernels is short exact and that coker e = 0, so that 
€ is surjective. This finishes the initial step and we find ourselves in the situation 


from which we proceed inductively. 
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Using the last two results, we can now produce long exact sequences of derived 
functors. 


, 
a 


Theorem 3.2.6. Let T : 2, + Ab be an additive functor and let A’ 3 A * A” be 
a short exact sequence. Then there exist connecting homomorphisms 


bn: InTA" 3 IniTA’, n>1 


such that the following sequence is exact: 


ETA AT A PAY fe AP asco 
se Ly PAY TPA hg PACS TyPA” 0, 


Proof. From the horseshoe lemma we obtain a short exact sequence of complexes 


p’ ©, Pp +. P”, where P’,P,P” are projective resolutions of A’, A, A" respectively. 
Since T is additive and since P, = P’ 6 P”” for all n > 0, the sequence TP’ + TP 
TP" is short exact also. Hence (3.2.4) yields the definition of 


Sn: Hy(TP”) + Hy—1(TP’) 


and the exactness of the sequence. We skip the proof that this definition is indepen- 
dent of the chosen projective resolutions. For details see p. 10}. 


We will also need to form right derived functors from contravariant functors. To 
do this, let S : 2, — 26 be contravariant and additive. In order to compute R"”SA 
for a given A-module A, we need to obtain a cochain complex. We thus choose a 
projective resolution P of A, form the cochain complex SP and take cohomology 
R°SA = H"(SP). Analogously, we obtain left derived functors of contravariant 
functors via injective resolutions (since these will turn into chain complexes allowing 
us to define homology). A good way to remember these procedures is to recall that left 
derived functors are always associated with chain complexes and homology, whereas 
right derived functors are associated with cochain complexes and cohomology. We 
thus choose, depending on whether the functor we are looking at is covariant or 
contravariant, a resolution that will yield a chain or cochain complex under the given 
functor depending on whether we want to compute homology or cohomology. For 
example, we have shown before that Hom, (—, B) is an additive contravariant functor. 
We could thus study its right derived functors, i.e. the cohomology groups associated 
with a Hom,(P, B)-complex where P is a projective resolution of a given A-module 
A. This is what we want because the contravariant nature of Hom,(—, B) will turn 
a projective resolution into a cochain complex. In fact, we define 


Ext) (—, B) = R” (Homa (—, B)) for n > 0. (3.1) 


Since Homa, (—, B) is left exact, it follows from (3.2.3) that Ext (A, B) = Hom, (A, B). 
It can further be shown that Ext, (A, B) = Ext,(A, B) p. 139] thus justifying 
our notation. From the dual of (3.2.6) we obtain for every given short exact sequence 
A’ > A-— A” a long exact sequence 
0 
0 Hom,(A”, B) > Hom,(A, B) > Homa(A’, B) & --- (3.2) 
+++ > Extk(A”, B) > Exth(A, B) > Ext (A’, B) a Ext?t!(A", B) > --- 
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This sequence is called the long exact Ext-sequence in the first variable. One can also 
show that Ext (—,—) is a bifunctor covariant in the second variable and that for 
every short exact sequence B’ + B -» B” there is a long exact sequence 


0 + Hom, (A, B’) + Homa(A, B) ton, Bl) eas (3.3) 
- > Ext? (A, B’) > Ext”(A, B) > Ext? (A, B”) %3 Ext”+1(A, BY) 3 
This sequence is called the long exact Ext-sequence in the second variable. 
One could now of course consider the covariant additive functor Hom,(A,—) and 


form its right derived functors. It turns out that these functors are naturally equiva- 
lent to the ones just discussed. We could thus write 


Ext (A, B) = R” (Homa (—, B))(A) = R"(Hom,(A, —))(B) for n > 0. (3.4) 
We then have the following noteworthy result: 
Proposition 3.2.7. If P is projective and if I is injective, then 
Ext) (P, B) =0 = Extk(A,I) forn> 1. 


Proof. The first assertion is immediate from (3.2.2) and the second from (3.2.3) using 
the just mentioned natural equivalence. 


Next, we look at the additive covariant functor A ®, —. We wish to study its 
homology groups and thus define 


Torn (A, —) =L,(A @, —) forn> 1. 


Since A ®, — is right exact, it follows — that Tor#(A, B) = A @, B. It is 
again provable that Tor}(A,B) = Tor*(A, BY Tahoe justifying our notation. Given 
short exact sequences B’ > B -» B” and A! > A -» A” and using we also 
obtain two long exact sequences 


- > Tor’ (A, B’) > Tor*(A, B) > Tor4(A, B”) %3 Tor4_,(A,B) > +++ (3.5) 
-- > TorA(A, B”) 4 A@, B’ + A®, B+ A®), B"” 30 
and 
- + Tor’ (A’, B) > Tor“(A, B) > Tor’ (A”, B) “3 Tor4_,(A’,B) 3 --- (3.6) 
- > Tor4(A”, B) 4 A’ @, B3 A@, B> A" Qj, BO. 


Again, we could define similar left derived functors using — ®, B and show that they 
are naturally equivalent to the ones just defined above. We then write 


Tor (A, B) = Ln(A ® —)(B) = En(— @4 B)(A). 
Our final result is 
Proposition 3.2.8. If P is projective, then 
Tor A(P, B) =0 = Tor (A, P) forn > 1. 


Proof. (3.2.2). 
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Chapter 4 


The Cohomology of Groups 


Intuitively speaking, cohomology groups measure by how much the Hom-functor 
changes a long exact sequence into a non-exact one. Note that this is precisely what 
the Ext-functor from the last chapter is doing. The theory of derived functors is thus 
exactly the tool we need. 


4.1 G-modules 


Let G be a group written multiplicatively. A G-module is an abelian group A together 
with a group homomorphism o : G > Aut A where Aut A is the group of automor- 
phisms of A. This means that group elements act as automorphisms on A. We shall 
denote this action by writing g-a or just ga if there is no ambiguity where g € G 
and a € A. Let us say that the action of G on A is trivial if ga = a for allg EG 
and a € A. For example, the integers (in fact all abelian groups) can be regarded as 
a trivial G-module. 

Also define the group ring ZG of G as the free abelian group with basis the 
elements of G and multiplication of basis elements provided by the group law on G. 
The elements of ZG are finite sums ee gg, where ng € Z, i.e. all but finitely 
many n, #0. Multiplication is defined by 


Song) | So mig | = So ngmiy gal. (4.1) 


gEG g'EG 9,9'EG 
We will now show that G-modules can be identified with ZG-modules. 


Proposition 4.1.1. Let R be a ring. Any function f from a group G into R s.t. 
f(zy) = f(a) f(y) and f(1) = 1r can be extended uniquely to a ring homomorphism 
f': ZG —> R such that f’t = f where ct is the obvious embedding of G into ZG. 


Proof. Define f’ (jee a) = )',cq f(g) from which the result follows. 


Given a G-module with group homomorphism o : G > Aut A and using the fact 
that the group Aut A can be seen as a subset of the ring End A of all endomorphisms 
of A, we extend o to a’: ZG > End A using the above universal property, making A 
into a module over ZG. Conversely, if A is a module over ZG, we note that any ring 
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homomorphism takes invertible elements into invertible elements and all elements of 
G are invertible. So restricting the associated ZG-module ring homomorphism to 
G yields the required group homomorphism of a G-module. Hence the concepts of 
G-module and ZG-module are equivalent. 


One map is of particular interest when studying group cohomology. Define « : 
ZG — Z, called the augmentation map, by 


E S/n = ig 


geEG gEG 
The kernel of ¢, denoted by IG, is called the augmentation ideal of G. 


Lemma 4.1.2. i) As an abelian group, IG is free on the setW ={g—1:14g€ 
G}. 


ii) Let S be a generating set for G. Then, as G-module, IG is generated by S—1= 
{s-—l:se€S}. 


Proof. i) Since {1} U{g-—1:1# g € G} is a basis for ZG as a free Z-module, it 
follows that W is linearly independent. To see it spans IG, let >> ngg € IG, then 
Lge M99 = Voecg %o(9 — 1) proving 2). 

ii) Since cy — 1 = 2(y—1)+(a#—1) and 2-!—1=-—a~1(x—1) and since any g EG 
can be written as g = sj] 1. Sy, 1s; € S, it follows that any g — 1 belongs to the 
module generated by S — 1. 


gEG 


We end this section with a lemma we shall need later on. 
Lemma 4.1.3. Let H be a subgroup of G. Then ZG is free as a H-module. 


Proof. Choose {g;}, gi € G, a system of representatives of the left cosets of H in G. 
Since cosets induce a partition of G, we can write G as the disjoint union of g;H. But 
it is clear that each part of ZG linearly spanned by g;H for a fixed 7 is an H-module 
isomorphic to ZH. Hence ZG ~ Q ZH. 


4.2 Definition of (Co)Homology 


For convenience, we use A’, A, A” to denote left G-modules only and B’, B, B” to 
denote right ones. Regard Z as a trivial G-module and define the n‘” cohomology 
group of G with coefficients in a G-module A by 


H"(G, A) = Extz(Z, A). 
Also define the n‘” homology group of G with coefficients in a G-module B by 
H,,(G, B) = Tor2°(B,Z). 


From the discussion in past chapters it is clear that both H"(G,—) and Hp(G,—) 
are covariant functors and that these groups are computed by taking a projective 
G-module resolution P of Z, forming the complexes Homzg(P, A) and B ®zqg P and 
calculating their co(homology). 
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Also from the discussion in past chapters, we have the following results: 


Result 4.2.1. By (3.3), to a short exact sequence A’ <> A —» A” of G-modules there 
is a long exact cohomology sequence 


0 > H°(G, A’) > H°(G, A) — H°(G, A”) = H1(G, A’) 3 --- 
+.» H"(G, A’) = H"(G, A) — A"(G, A") 3 A"*1(G, A) 3. 


Result 4.2.2. By (3.5), to a short exact sequence B’ ~ B — B” there is a long 
exact homology sequence 


--— H,(G, B’) > H,(G, B) > H,,(G, B") > Hy_1(G, B') > --- 
os H,(G, B”) > Hy(G, B’) > Hy(G, B) > AY(G, B") — 0. 


Result 4.2.3. It follows from (3.2.7) and (3.2.8) that if A is injective and B is 
projective (or flat) then H"(G, A) =0 = H,,(G, B) for alln > 1. 


Example 4.2.4. As an example, we calculate the (co)homology groups of H"(G, A) 
and H,(G, B) when G is trivial. Note that if G = {1}, then H"(G, A) = Ext7(Z, A). 
But since Z is free as a Z-module, we know from that H"(G, A) = Ext7(Z, A) = 
0 for_all n > 1. We also see that H°(G,A) = Ext3(Z,A) ~ Homz(Z,A) ~ A 
by (8.2.3). Similarly, H,(G,B) = Tor (B,Z) = 0 for all n > 1 by and 
Ho(G, B) = Torg(B,Z) ~ B®zZ ~ B by eat Hence we have determined all 
(co)homology groups. 


4.3. The Zeroth (Co)Homology Groups 


As we already saw in the last calculation, H°(G, A) ~ Homzc¢(Z, A). Such a G- 
module homomorphism ¢ is determined by the image of 1z, 6(1) = a. But since ¢ 
is a G-module homomorphism, g:-a = g- $(1) = $(g-1) = ¢(1) = a since g isa 
group automorphism of A. In fact, it is not hard to see that ¢ as a homomorphism 
of abelian groups is a G-module homomorphism if and only if 6(1) = a remains fixed 
under the action of G. Let us then write AT = {a € A: g-a =a for all g € G} and 
we have 


H°(G, A) ~ Homzg(Z, A) ~ A®. (4.2) 
AG is called the invariant subgroup of A. 


Next let us look at Hp. We have Ho(G, B) ~ B@zcZ ~ B®zq(ZG/IG) ~ B/B-IG 
where B- IG = {b(g-—1):b€ B,g © G}. Let us denote B/B-IG by Be then 


Ho(G,B)~ B®zqZ~ Ba. (4.3) 
Bg is called the coinvariant subgroup of A. 


Example 4.3.1. We have Ho(G,Z) = Z/Z-IG = Z since every element of G acts 
trivially on Z and so Z- JG = 0. As another example, Ho(G,ZG) = ZG/ZG - IG = 
ZG/IG ~Z since IG is an ideal of ZG. 
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4.4 The First (Co)Homology Groups with Trivial 
Coefficient Modules 


The first (co)homology groups can be calculated by choosing G-free presentations 
rather than G-free resolutions of Z since, as we showed, Extz¢(Z, A) ~ Extzc(Z, A). 
Let us take the obvious projective resolution to do so: 


IG@7E SZ, (4.4) 
We get exact sequences 


0 > Hi(G,B) > B ®z¢ IG 4 B&zq ZG > Ho(G, B) > 0, 
0 > H°(G, A) + Homgg(ZG, A) 4 Homgg(IG, A) 3 H1(G, A) 3 0. 
This implies 
Ay (G, B) ~ ker(u. : B®zg IG > B), (4.5) 
H1(G, A) ~ coker(s* : A > Homzq(IG, A)). 


The maps v, and v* are the composition of the usual induced maps with the respective 
isomorphism, i.e. 


tx(b® (g —1)) = bg — b= db(g — 1), (4.7 
Vagal = jase ose (48 


wherea€ A,be€ Bandg €G. 


NEY, SF 


Let us now compute these groups when A and B are trivial G-modules. Let us 
start with H,. If B is a trivial G-module then 1, is the zero homomorphism and 
hence Hi(G,B) ~ B®zq IG. To compute this group, we look at the kernel of 
the map B ®z IG — B ®zq IG. This kernel is generated by elements of the form 
b@g'(g—1)—bg’ @(g—1) forbe Band g,g' € G. But bg’ ®(g—1) = b®(g—1) since 
B is trivial. Hence the kernel of this map is generated by all elements of the form 
b@(g'—1)(g—1) which is just B@z(IG)?. Hence B@zcIG ~ B®zIG/(IG)?. Finally, 
let Gap = G/G" denote the quotient of G by its commutator subgroup G’ = [G,GI, 
i.e. the subgroup generated by all elements of the form g~'g’~'gg',g,g' € G. By the 
lemma following this paragraph we then have 


H,(G, B) ~ B ®z (IG/(IG)”) ~ B ®z (G/G’) = B ®z Gas (4.9) 
and in particular when B = Z, 
H,(G,Z) ~ G/G' = Ga 


which is well known to topologists. This is in fact the proof that the first homology 
group is the quotient of the fundamental group by its commutator subgroup. Here is 
the promised lemma: 


Lemma 4.4.1. [G/(IG)? ~ Gap 
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Proof. For details see [HS} p. 192]. The idea is to define a map on the set W given 
by (4.1.2), extend this map to JG and then use the fact that 


G- Dig =) =) ge1l-—- G1) 


for all g € G to show that this map and an inverse to it defined similarly induce 
the required homomorphisms needed to prove the lemma via the first homomorphism 
theorem. 


Let us now turn to H!. Again, 1* will be the zero homomorphism if A is a trivial 
G-module. Hence H!(G, A) ~ Homzq(IG, A). Moreover, ¢: IG > A is a G-module 
homomorphism if and only if ¢(g(g' —1)) = g¢(g’ —1) = o(g’—1) for g, 9’ € G. Hence 
if and only if é((g — 1)(g' — 1)) = 0. Thus by the previous lemma, 


H'(G, A) ~ Homz(IG/(IG)*, A) ~ Homz(Gas, A). (4.10) 


Note that this implies H'(G, A) ~ Homz(Hi(G,Z), A) whenever A is a trivial G- 
module. 


4.5 Shapiro’s Lemma, Cyclic and Free Groups and 
the Tate Cohomology 


Let H be a subgroup of G and let A be a left H-module. As we discussed be- 
fore, ZG ®zyH A and Homzx”(ZG, A) have a left ZG-module structure. We define 
ZG ®zy A = IndG(A) and call this ZG-module the induced G-module. We also define 
Homzy (ZG, A) = CoindG (A) and call it the coinduced G-module. 


Lemma 4.5.1 (Shapiro’s Lemma). Let H be a subgroup of G and let A be an H- 
module, then Hn(G,IndG(A)) ~ Hn(H, A) and H"(G, Coind%(A)) ~ H"(H, A). 


Proof. By (4.1.3) we know that ZG is a free ZH-module. Hence, any projective ZG- 
resolution of Z, P — Z, will also be a projective ZH-resolution of Z. But we have 
P za (ZG ®zyH A) ~ P ®zH A. Hence 


H,,(G,IndG(A)) = Tor2¢(ZG @zy A, Z) 
~ Tor“”(A,Z) 

H,,(H, A). 
Similarly, we have Homze(P, Homzy (ZH, A)) ~ Homzy(P, A) by an obvious gener- 
alization of (1.1.4). Hence, 

H"(G,CoindG(A) = Ext}4(Z, Homzz(ZG, A)) 

Ext’},,(Z, A) 
HAH” (A, A). 


l2 


Applying this result to H = 1, i.e. A is an abelian group in this case, we get 
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Corollary 4.5.2. 


H,(G, ZG ®z A) = H"(G,Homz(ZG, A)) = { 


Proof. We use Shapiro and then the problem is just (4.2.4). 


We next prove another important result with the aid of Shapiro’s lemma that we 
shall need in due course. 

Proposition 4.5.3. If G is a finite group, then H"(G,ZG @z A) =0 forn £0 and 
for all abelian groups A. 

To prove this we go on a little tangent. Let a: R— S be a ring homomorphism. 
Sas an S-module can also be regarded as a right R-module via a. Define s-r = sa(r). 
This R-module is said to be obtained by restriction of scalars. 

We can also “extend scalars” in the following way. Let M be any left R-module 
and consider S ®r M where S has the above right R-module structure. Since the 
natural action of S on itself commutes with this right R-module action, S@p M also 
has a left S-module structure given by s- (s’ @g m) = ss’ @®gm. We have a natural 
inclusion map .: M > S @R M given by m+ (1,m). ¢ is an R-module map since 
uUrm) = 1@rRrm = a(r) ®am = a(r)- (1 @R mM) = a(r)-(m) and we have the 
following universal property: 

Proposition 4.5.4. Given an S-module N and an R-module homomorphism f : 
M > N, there exists a unique S-module map g:S®rM — N such that the diagram 


M—+8s @rM 
| ue 
v @g 
N 4 
commutes. 
Proof. Note that if such a g exists, g(s®am) = sg(1@Rrm) = sg(t(m)) = sf(m) which 
immediately shows uniqueness and also tells us to define g as g(s @g m) = sf(m) 
which is clearly an S-module homomorphism. 
Let us check this definition is well-defined. Suppose s ®g m = s’ @®gm’, ie. either 
s'@am =(s-r)@rm’ such that rm’ = mor s'@agm' = s'@rrm such that s’-r = s. 
Then either 
gs’ ®rm'’) = g((s-r)@xm’) 
= (s-r)f(m) 
= s(r- f(m’)) 
= sf(rm’) since f is an R-module homomorphism 
= sf(m) 
or 
g(s' @am') = g(s' @arm) 
= s'f(rm) 
= s'(r-f(m))_ since f is an R-module homomorphism 
= (s'-r)f(m) 
= sf(m) 
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which shows that g is indeed well-defined. We also have gi(m) = g(1 ®rm) = f(m) 
which was the last missing link in proving the proposition. 


Having such an S-module extension homomorphism g to a given R-module homo- 
morphism f allows us to prove the following key lemma. 


Lemma 4.5.5. If |G: H] < co then IndG(A) ~ Coind$;(A). 
Proof. We define an H-module homomorphism ¢p : A — Homzy(ZG, A) by 


solay(a={ 9S 


That this definition truly yields an H-module homomorphism is quickly checked by 
recalling that the left H-module structure on Homzy(ZG, A) is given by h- w(g) = 
w(gh) for w € Homzy(ZG, A) and h € H. We now regard Homz;;(ZG, A) as a left 
ZG-module and use the above universal property to extend ¢p to a unique ZG-module 
homomorphism ¢ : ZG ®zy A — Homzy(ZG, A) that makes the diagram 


A : ZG @zyH A 


g0 ae 
Sail 


= 


Homzy (ZG7A) 
commute. But we saw that ZG ~ @Q ZH. Hence 


( ZH) @zH A 
(ZH @zn A) 


~ @aA 


l2 


ZG @zyH A 


l2 


and 
Homzy(ZG,A) ~ Homzy(G) ZG, A) 
~ || Homzy (ZH, A) 
~ JA 


So ¢ is just the canonical inclusion of a sum into a product which is an epimorphism 
if [G : H] is finite since then there will be exactly [G : H] summands/factors. 


Equipped with this lemma, proposition (4.5.3) now follows easily: 
Proof of (4.5.9). 


H"(G,ZG ®z A) = H"(G, IndG(A)) ~ H"(G, CoindG(A)) = 0 ifn 40 


by @5Q). 


Before we make further use of these results let us discuss the (co)homology of 
cyclic groups. 
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Let G be a finite group. Define the norm element N of the group ring ZG as 
the sum N = dea 9: We claim that N € (ZG)%. Indeed, let h € G then hN = 
geo hd = Myecg = N. Similarly, Nh = N. For convenience, we will allow 
ourselves to omit the set over which the sum is to be taken when this is clear. 


Lemma 4.5.6. H°(G,ZG) = (ZG)% = Z-N is a two sided ideal of ZG generated by 
N. 


Proof. The first equality has been shown before. To prove the second, let a = S> ngg € 
(ZG)@, then g’a = a for all g' € G. Hence >> ngg'g = D> ngg which can only be true 
for all g’ € G if all coefficients n, are equal. Hence a = > ngg = nog = MN for 
some n € Z. So (ZG)% C Z-N. The reverse inclusion was discussed above. Hence 
the equality. 

To see Z- N is an ideal, let ))ngg € G and let nN € Z- N then (nN)()¢> gg) = 
Yonn,N =mMN for some m € Z. Similarly for ()>ngg)(n.N). Hence the claim. 


Remark 4.5.7. If G is infinite, then H°(G,ZG) = (ZG)° = 0 since all coefficients 
of an element in (ZG)© are the same but only finitely many of them are nonzero. 


Remark 4.5.8. If G is finite of order m and A is a trivial G-module then (> g)a = ma 
for alla € A. 


For any G-module M, we define the norm map N : M > M by mw Dgeq gm. 
We immediately see from the discussion before that g’N(m) = N(m) = N(g'm) for 
all g’ € G. Hence im N C M®. Moreover, let (g—1)m € IG-M, then N((g—1)m) = 
N(gm) — N(m) = N(m) — N(m) = 0. Hence IG- M C ker N. 

In particular, if we let IM = ZG we get IG C ker N. Conversely, let )>ngg € ZG 
and suppose that 0 = N(})ngg) = Di ngN. Then we must have }),cqng = 0 ie. 
Yingg € kere = IG. Hence IG = ker N. We also have imN C (ZG)° and if 
a € (ZG)° =Z-N, thna=nN = Meea 29 = (Yi g)(n- 1g) = N(n- 1a). Hence 
a€imN and imN = (ZG)°. 


We are now ready to study cyclic groups. Let G = C,, be the cyclic group of 
order m with generator o. The norm in C,, is N =1+oa0+07+---+o0™1!. So 
0=o0”"—1= (o—-1)N in ZC,,. Hence the map o— 1: ZC, > ZC,, satisfies 
im N C ker(o — 1). 

By the previous discussion we have the following exact sequence: 


O16, 470, 3 ZN 0; 


We claim the following sequence is also exact: 


Ll 


Oka NSCS 1Ce 0, 


To see this, note that TCm is generated by {(o7 —1):1<i<m-—1}. But we have 
o-1l=(0- Ne = 90”) which shows that o — 1 is surjective. We have already 
shown that Z- N =imWN C ker(o — 1). So we just need ker(o — 1) C Z- N. To see 
this, recall that Z- N = (ZC;,)©°™ so suppose (o — 1)a = 0 for some x € ZC;,. Then 
ox =x hence o/x = x for all j and so x € (ZC,,)™ 
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We now obtain a periodic C;,,-free resolution of Z by splicing these two sequences 
together: 


0 0 0 0 (4.11) 


For any C,,-module A we then apply A ®zc,, — to find 


i 767, AE 70 Gre, A" 20e Gro, AL 70, 87, A 


and hence 


0+ Zee, AD APAL AL... 


as can be readily checked using the usual definition of the isomorphism between 
ZCm ®zc,, A and A. Noting that ker(s — 1) = A°™, one obtains the following 
homology groups: 
Ac,, = A/A-ICm ifn =0 
Hy(Cm,A) = « ACm/N(A) if n is odd (4.12) 
ker N/(o —1)A if n is even . 


Next we apply Homzc,,(—,A) to the constructed resolution and find the cochain 
complex 


0— Homzc,, (Z, A) naan Homzc,,, (ZC m, Ay‘ — Homzc,, (ZC m, A) ess 


After using the standard isomorphism Homzc,, (ZCm, A) ~ A, we obtain 


0+ Hote (7 A) AS AS a 
which yields the cohomology groups 
ACm ifn =0 
H"(Cm,A)=& kerN/(o-1)A ifn is odd (4.13) 
AGm /N(A) if n is even . 


We have thus completely classified the (co)homology groups for cyclic groups. 


Example 4.5.9. Taking A = Z, i.e. a trivial C,,-module, we find recalling remark 
(4.5.8) 


Z/Z-ICpn =Z/0=Z ifn=0 
Ay, (Cm, Z) = ZCm /N(Z) = Z/mZ = Cm, if n is odd 
0 if n is even 
Z ifn=0 
H"(Cm,Z) = 4 0 if n is odd 
Cw, if n is even . 
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Let us now generalize the construction that led to (4.11). Given an arbitrary G- 
module M and the norm map N acting thereon, we noticed before that im N C M° 
and IG. M Cker N. We thus obtain the sequence 


M 


N 
T 


0—+ker N/IG- M——+M/IG. Mz - > MC —_>M®/N(M)—+>0 


where 7 denotes the usual projection map. The map WV = NV is given to us by the 
first homomorphism theorem since IG. M C ker N. The theorem further tells us 
ker UV = ker N/IG- M and im V = imN which is exactly what we need for the above 
sequence to be exact. By and we can then write 


0 ker N/IG- M — Ho(G,M) 4% H°(G, M) > M@/N(M) = 0. (4.14) 


Now let M’ <> M -» M” be an exact sequence of G-modules. Using (4.14) together 
with (4.2.1) and (4.2.2) we obtain the following commutative diagram with exact 


TOws: 


--- >A (G, M")— Ho (G, M')—>Ho(G, M) +p (G, M") 0 
N N N 
0 H®(G, M')—>H°(G, M)>H°(G, M")+H1(G, M’)—--- . 


(4.15) 


We are almost in a position to apply the snake lemma (2.2.3) in order to obtain an 
interesting exact sequence called the Tate complex. However, before we can do so we 
need a slightly extended version: 


Lemma 4.5.10 (Extended Snake Lemma). Every commutative diagram with exact 


TOWS 
Fee game as 0 
| fa 
0 N! +N —>N 


gives rise to an exact sequence 


0 — ker f — ker d’ > kerd > ker d” + coker d’ —> coker d > coker d” 3 coker g — 0. 


Proof. We have already proved exactness at all but two positions. Note that showing 
ker f C kerd’ will at once show exactness at kerd’. So suppose that x € ker f, 
ie. f(a) = 0, then do f(z) = 0 = fod'(x). Hence d'(x) = 0 since f is injective 
and so x € kerd’. Similarly, note that it suffices to show that d”(M”) C g(N) to 
prove exactness at cokerd” by the way the transition maps between cokernels are 
naturally induced. The actual calculation is just as routine as the one above and will 
be omitted. 
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Applying the extended snake lemma to (4.15) we obtain the following long exact 
sequence for —oo < n < co 


..+ + A™(G, M’) > H"(G,M) > H"(G,M") & A 5... 


where 

H"(G,M) ifn >0 
M¢/N(M) ifn =0 
ker N/IG- M ifn=-1 
H_»-1(G, M) ifr <—1. 


H™(G, M) = 


The groups H"(G,M) are called the Tate cohomology groups. Let us take a closer 
look at these groups. We claim: 


Proposition 4.5.11. If G is finite and P is a projective G-module, then H"(G, P) = 
0 for all n. 


Proof. It suffices to prove the result for free G-modules since every projective module 
is a direct summand in a free module and all operations involved in forming the Tate 
cohomology groups are additive. Such modules are of the form P = ZG ®z F with F 
free abelian since P being G-free implies P ~ Q@ ZG ~ (@ZG) @zZ ~ ZG @z(@Z). 
We proved before in and using Shapiro that H,,(G,ZG ®z A) = 0 for 
n > 1 when A is abelian and H"(G,ZG ®z A) = 0 for n > 1 when G is finite. It 
remains to show that H°(G, P) and H~!(G, P) also vanish. 

Since PS = (ZG)° @zF = N(ZG)®zF = N(P), we have P¢/N(P) = H°(G, P) =0. 
On the other hand we see that Pg = P/IG:P = (ZG@zF)/UG®zF) = (ZG/IG) ®z 
F =2Z®zF = F and since we know that N acts on abelian groups such as F' by 
multiplication by the order of the group G we have, N(x) =0< « =0 for x € Pg 
whence H~!(G, P) = ker N/IG- P = 0 which completes the proof. 


We apply this result to the so-called process of dimension-shifting. Given a G- 
module A, choose a projective presentation K  P —» A of A. As in the construction 
of the Tate groups, we obtain the long exact sequence 


op HG, K) => A" (G,P) > A"(G,A) > AUG, KR) 


But all H"(G, P) = 0. So we conclude H"(G, A) = H"+1(G, K) for all n € Z. This 
result shows that the Tate cohomology theory is completely determined by any one 
of the functors H”. 


The last proposition in this section will enable us to compute the (co)homology 
groups for free groups by showing that (4.4) is not just a G-free presentation but also 
a G-free resolution of Z. 


Proposition 4.5.12. Let G be a free group on X, then IG is a free ZG-module with 
basis set X -l={a—-—l:xreE xX}. 


Proof. For details see [Weil p. 169]. The idea is to use the fact that we already proved 
in that W = {g —-1:1#4g © G} is a basis for IG as a Z-module. Weibel 
shows that {g(a — 1): 9 € G,x € X} is another Z-basis from which clearly follows 
that X —1={x—1:2€ X} is a ZG-basis. 
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Corollary 4.5.13. If G is a free group on X, then H,(G,A) = H"(G,A) = 0 for 
n> 2. 


Proof. 0+ IG — ZG > Z > 0 is a G-free resolution of Z. 


4.6 Derivations, Semidirect Products and Hilbert’s 
Theorem 90 


In this section, we shall give an interpretation of H1!(G, A). 


A function d : G — A from a group G into a left G-module A with the prop- 
erty d(xy) = d(x) + x-d(y) for all z,y € G is said to be a derivation or crossed 
homomorphism. 


The family Der(G, A) of all such derivations is an abelian group if we define (d + 
d')(x) = d(x) + d'(x) and the zero derivation being the identity. We note that if 
a:A- A’ is a G-module homomorphism then aod: G — A’ is again a derivation. 
This is just what we need to see that Der(G,—) is a functor from the category of 
G-modules to the category of abelian groups. 


Remark 4.6.1. (1) Note that d(1) = 0 for any derivation d. 


(2) The usual Leibniz rule would suggest d(zy) = «- d(y) + d(x)-y. The term 
“derivation” thus seems more reasonable if we think of A as having the trivial 
right G-module structure in addition to its left G-module structure. 


(3) If A is a trivial G-module, then any derivation from G to A is just a group 
homomorphism. 


Theorem 4.6.2. There is a natural isomorphism between Der(G, A) and Home (IG, A). 


Proof. Let d: G > A be a derivation. Define ¢a : IG > A by ¢a(y — 1) = dy for 
y € G. We need to show that ¢q is a G-module homomorphism. Let x,y € G then 


ga(z(y—1)) = ¢a((ey—1)-(#—-1)) 


= d(xy)— d(x) 

= d(x)+a-d(y) — d(x) 
= «-dy) 

= «x-daly—1). 


Conversely, given a G-module homomorphism ¢ : IG — A, define dy : G > A by 
ds(y) = o(y — 1). We must show that dg defined as such is a derivation: 


dg(zy) = (zy—1) 

o(a(y — 1) + (2 -1)) 
= «-d¢(y—1)+¢4(@-1) 
«+ dg(y) + dg(x). 


It is clear that d'+4 ¢qg and @++ dg are mutual inverses. Hence the isomorphism holds. 
Denote this isomorphism by 7 then 17 is easily seen to be natural: let a: A > A’ be 


l| 
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a G-module homomorphism. Then 7(a 0 d)(y — 1) = aod(y) = ao n(d)(y — 1) and 
the diagram 


Der(G, A) —-+ Homg (IG, A) 


Der(G, A’) —’> Home (IG, A’) 


commutes. 


From and (48), we know that H'(G, A) is the quotient of Homg(IG, A) by 
the subgroup of homomorphisms ¢ : 1G — A of the form ¢(a — 1) = «-a—aa for 
some a € A. The derivation the above isomorphism sends this homomorphism to is 
dg(x) = o(«-1) =a-a—a=(x—1)-a. Derivations of this kind shall be called inner 
or principal derivations and we denote the set of all such derivations by IDer(G, A). 
We thus have 


H'(G, A) ~ Der(G, A)/IDer(G, A). (4.16) 
Example 4.6.3. If A is a trivial G-module, then H'(G, A) ~ Der(G, A) ~ Homz(G, A). 


Example 4.6.4. Let o, the generator of C2, act on Z by 0-n = —n. Any derivation 
d: C2 — Z is then determined by d(c). So Der(C2,Z) ~ Z. For any inner derivation 
we have d(o) = (o — 1)a = —2a for some a € Z. Hence [Der(C2,Z) ~ 2Z. Thus 
H}(C2,Z) = Z/2Z = C2 which agrees with (4.5.9). 


We now define a product closely related to derivations as we shall see later on. 
Given a group G and a G-module A, define their semidirect product A x G by taking 
A x G as the underlying set and defining a product by (a, x).(a’,2’) = (a+ xa’, x2’). 
It is easy to show that this definition is associative, that (0,1) is an identity element 
and that (a,x)~! = (—a~'a,xz~'). The semidirect product is thus a group. 

Define an injection 1: A— Ax G by c(a) = (a,1) and a projection p: AxG>G 
by p(a,xz) = x. Note that both of these are group homomorphisms since c(a + b) = 
(a +b1) = (a,1).-(,1) = e(a)u(b) and p(a,9).(6,9')) = pla + 9b,99") = 99" = 
p(a, g)p(b, g’). However, this is not the case for the other possible projection gq: A x 
G — A defined by g(a, g) = a since q((a, g).(b, g’)) = at+gb but g(a, g)+¢(b, 9’) = a+b. 
Further, (A) is anormal subgroup of AG since (a, x).u(a).(a,z)~* = (xa, 1) = (xa) 
for alla € Gandaé€ A. Hence A> Ax G > G is exact. 

Example 4.6.5. Let x, the generator of C2, act on C,, by x-a = —a. We then easily 


check that 
Cm C22 {o,7:0% =1=7%,07 =T0™ 1} = Din 


where D,, is the dihedral group of a regular m-gon with 2m elements. From our 
calculations for cyclic groups we get 


0 if m is odd 


AMC.C. |) =C,2C,.= gcd(2,m) = { Cz if m is even . 


Thus, if m is odd, all derivations are principal and if m is even, there is one non-trivial 
“outer” derivation. 
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Let us now apply our knowledge about derivations to an important theorem from 
Galois cohomology. 

Let L be a finite Galois extension of the field K and let G be its Galois group. 
Then both LZ regarded as a group under addition and L* regarded as a group under 
multiplication are G-modules, the action being that of the K-automorphisms. Notice 
that the norm map N in L* then has the form N = [[,-g¢. We will need the 
following 


Proposition 4.6.6 (Dedekind’s Lemma). If K and L are fields, then every set of 
distinct monomorphisms from K into L is linearly independent over L. 


Proof. By contradiction, suppose that 
i a,A;(z) = 0 for alla e K (4.17) 


where \; are distinct monomorphisms and a; € L. Without loss of generality, a; 4 0 
for all 2 and there must be an equation like with a least nonzero number of terms. 
Let this number be n. Since A; 4 An, there exists y € K such that \i(y) 4 An(y). 
Hence y 4 0 and we have + a;A; (yx) = 0 which implies $> a;A;(y)Ai(x) = 0. Hence 


n 


Ar(y) D5 aida(x) — 7 aidi(y)Ai(@) = D0 ai(Ar(y) — Aa(y))Aa(2) = 0. 


1=2 


But since ay(A1(y) —An(y)) 4 0 this is an equation of the form (4.17) with fewer than 
n terms which is a contradiction. 


We are now ready to prove a theorem due to Emmy Noether. 


Theorem 4.6.7. Let L: K be a finite Galois extension with Galois group G. Then 
H'(G, L*) =0. 


Proof. Since by H'(G,L*) ~ Der(G, L*)/IDer(G, L*), it suffices to show 
that every derivation from G to L* is principal. In multiplicative notation (recall 
that we regard L™* as a multiplicative G-module) this means that for every function 
o@:G— L* obeying ¢(7o) = $(7)(7- o(c)) we must find a c € L* such that ¢(0) = 
a-c/c for 0,7 € G. Note first that by Dedekind’s Lemma the K-automorphisms 
o : LX — L* of G are linearly independent over L*. Hence }),¢¢ (a) - @ is not 
the zero map for all ¢ € Der(G,L*). Hence we can find an a € L* such that 
04d oeg O(o)(o- a) =: b € L*. But then letting 7 € G, 


7-b= V(r dlo)(ro-a) = Solr) 4(r)(r- d(0))(r0-a) 


o€G 


Solr)" 1e(r0)(re-a) 
o(r)b. 
Hence ¢(7) = b/t-b=7-b~'/b-! which shows ¢ is principal. 


The above theorem is a generalization of a famous theorem due to Hilbert. 


Corollary 4.6.8 (Hilbert’s Theorem 90). Let L: K be a Galois extension with cyclic 
Galois group generated by o and let x € L*. Then N(x) = 1 implies there exists 
y € L* such that x =o-y/y. 
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Proof. We saw in (4.13) that H'(Ci,, L*) = ker(N : L¥ — L*)/(o—1)L*. So (4.6.7) 


immediately yields the result. 


We could thus regard (4.6.7) as Hilbert’s Theorem 90 in the language of homolog- 
ical algebra. One may wonder about analogues for higher values of n. The following 
example shows that the conclusion does not generally hold. 


Example 4.6.9. Consider the simple field extension C : R and let G denote its 
Galois group. Then G = {id,conj} ~ C2 where id is the identity map on C and 
conj is the complex conjugation map. Let x + iy € C* then we have N(a# + iy) = 
(x + iy)(a — iy) = x? + y?. Therefore N(C*) = Rt where Rt are the positive real 
numbers. We also see that (C*)% = R*. So again by we have H?(G,C*) = 
(C*)¢/N(C*) =R*/Rt & Co. 


However, we do have the following result. 


Proposition 4.6.10. Let L : K be a finite Galois extension with Galois group G. 
Then H"(G,L) =0 for alin > 0. 


Proof. The Normal Basis Theorem found for instance in p. 312] states that there 
exists an x € DL such that {o- x: 0 € G} is a basis for L as a K-vector space. Such 
a basis, called normal, clearly defines an isomorphism of G-modules KG — L by 
ecg WITH Viocgde(o-x). But KG ~ KG@x K ~ ZG8zK. Hence by Shapiro’s 
lemma we obtain H"(G, L) = H"(G,ZG ®z K) =0 for all n > 0. 


4.7 The Standard Resolution 


Let B,,n > 0 be the free abelian group on the set of all (n + 1)-tuples (yo,..., Yn) of 
elements of G where we will write G multiplicatively as usual. Define a left G-module 
structure in B, by 


Y(Yo: +--+, Yn) = (Y¥Yo,---,.¥¥n), YEG. 
Define a differential 0, : By 3 Bn—1 by 


n 


On (Yo; nas tn) = S>(-1)'o wae Vis Ree Yn) (4.18) 


i=0 


where y; indicates that y; is to be omitted. Noting that Bo = ZG, we also have the 
usual augmentation map € : By > Z defined by e¢(y) = 1 for all y € G. We now want 
to show that 


ey 2 eg; ae ey Fe eee 


is indeed a G-free resolution of Z. 


To do this we introduce the bar notation. Note that we can rewrite 


(Yo.--+2¥n) = yol¥o wali Yel --- lYn—1¥n] (4.19) 


where 
[ya Les Yn] = (1,41, y1ye, Yr Yn). 
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In bar notation it thus becomes clear that each B,, is a free G-module on basis elements 


given by the symbols [yi|--+|yn], ie. basis elements of the form (1,271,...,2n) where 
x; € G. For example, Bo is the free G-module on the symbol [] = 1 and e[] = 1. We 
also rewrite the differential in bar notation as 
Only, - +++ Yn] = On (1 igs +581 Yn) 
= (Yiy--5 41 m+ Td VL Ys eee Yr Vis Yt Yn) 


(1), er ae 1) 
= yilyel--- lyn] +S «+ lyeyeral.-- [Yn] 


+(-1)"ly et 


Next we return to the original notation to show that B is acyclic. It is easy to see 
that ¢ and 0, are indeed G-module homomorphisms. Moreover, 


O10 Yorgi) = On—1 (321-17 anti -4)] 


i=0 
n-1 n 
= 2 yy yor DY ice eUean 2 Ups So) 
j= 1=0 
= 0 


since the terms (Yo, -- +5 Yis-++5Yjs+++5 Yn) and (Yo,---,Yj.+++)Yir+++) Yn) always have 
opposite signs and occur in pairs. Hence im 0, C ker 0,1. We also have €01(yo, y1) = 

e(y1 — yo) = 1— 1 =0 which shows im = C kere. To show the reverse inclusions, we 
define a G-module homomorphism hy, : By — By+1 for all n > 0 by (yo,---,Yn) 
(1, Y0,---;Yn) and show 


Oi ho + h_yé = lo and On+ihn + hn+410n = ‘Lis 


for all n > 1 where 1,, here denotes the identity function on B,, and where we define 
h_i(1) = 1. 

To show the first of these equalities we note that O:ho(y) = 0:(1,y) = y — 1 and 
h_ie(y) = h_1(1) = 1. Hence the sum of the two is just y. It now follows that 
if y € kere, then Oi (ho(y)) = y, ie. y € imd;. Hence imd, = kere. The second 
equality follows by a similar calculation: 


On+1hs(Yor-++>Yn) = On41(1,Yo,---5Yn) 
n+1 ; 
= S75 (-1)*(1, Yor - +s Biss +1 Un) 
i=0 
n+1 
= (Yoress sae) poe Valves Gightin Ue) 
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and 


hs—10n(Yo)---;Yn) = Asa (321-17 anit) 


i=0 
n+1 
= ~S°(-1)'(1, yo, Vis Un): 
w=1 


Hence On44An +hn410n = 1, as claimed. Similar to the previous case, it now follows 
that if y € ker 0, then 0,41(hn(y)) = y whence y € im0,41 and imO, = ker 0,_1. 
This finishes the proof that B is a free resolution of Z. The complex B is known as 
the non-normalized standard resolution. When the bar notation is used throughout, 
this complex is also often referred to as the non-normalized bar resolution but the 


two are of course equivalent. 


Remark 4.7.1. We remark that the function h,, defined above is also known as a 
contracting homotopy but we will not define this term explicitly here. 


Before we apply this resolution to group cohomology we need to normalize it. We 
will now make precise what normalization in this context means. Let D, C B,, be 
the subgroup generated as a Z-module by the (n + 1)-tuples (yo,...,Yn) such that 
Yi = Yi+1 for at least one value of i = 0,...,2—1. Such an element will be called 
degenerate. Note that Do = 0. From the bar notation we see that D, is 
generated as a G-submodule of B, by all degenerate (n + 1)-tuples with yo = 1. 


Using (4.19) again, let us write 


(yo, ---5Ym) = yol¥o Yailyy yal ---lyptiynl = yo[xa| .-. [zn]. 


It then becomes clear that saying y; = yiz1 im (yo,---,Yn) for at least one value of 
i =0,...,2—1 is the same as saying x; = 1 in [x1|...|@n] for at least one value of 
i=1,...,n. We now claim that 

D:---3~ Dn, > -::- 73> Do 3 0 
is a subcomplex of B. To see this, let (yo,...,Yn) be degenerate, ie. yj; = yj+1 for 
some j. Then 0,(yo,---,Yn) is a linear combination of degenerate n-tuples plus the 
sum 


(—1)/ (yo, oe Yj-1,Y) Yjt2s-+- Yn) ste (—1)?*1 (yo, oy Yj-1,Y, Uj42)--- Yn) 


where y = y; = yj41- But this sum is of course equal to zero and so 0,,D, C Dy-1. It 
is also clear that the contracting homotopy hy, sends D, to Dj+1. So we have shown 
that D is indeed a subcomplex of B. We now pass to the quotient complex B/D 
generated as a Z-module by all (n + 1)-tuples (yo,..-, Yn) in which no y; = yj+1 or 
generated as a G-module by the symbols [x1|...|z,] with no 2; = 1. Such a complex 
is said to be normalized. We will write B/D = B and call B the normalized standard 
(or bar) resolution. 


Let us now look at the cohomology groups. Following the usual procedure for 
calculating H"(G,A), we apply the Homg(—, A) functor to the above normalized 
bar resolution to obtain a cochain complex Homg(B, A). By definition, we are thus 
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dealing with functions ¢ : G" — A which we will call n-cochains that vanish whenever 
x; = 1 for some? in (#1,...,2%n) € G”. Using the differential of the standard resolution 
in bar notation we obtain an induced boundary operator 0” = 0* : Homg(Bn, A) > 
Home (B,+41,A) sending an n-cochain ¢: B, — A to an (n + 1)-cochain: 


O”"(@) (#1, ie pee = (On (21, see Pein) 


n-1 


x1 0(x2, see ,Ln) + So (-1'd(a1, vee DiLi415--- ,2n41) 


I 


+(-1)"d6(a1,...,2n). 


We call the n-cochains such that 0"¢ = 0 n-cocycles and the (n + 1)-cochains 0"~'¢ 
n-coboundaries. We define Z"(G, A) = ker 0” as the group of all n-cocycles of G with 
coefficients in A and B"(G, A) = im0"~! as the group of all n-coboundaries of G 
with coefficients in A. We then have by definition, 


H™(G, A) = Z"(G, A)/B"(G, A). (4.20) 


Example 4.7.2. A 0-cochain ¢ is a map 1 —> A, ie. an element of A. Let 
o(1) = a, then (0°¢)(g) = ga — a where g € G. Thus ¢ is a 0-cocycle iff a € A. 
Hence Z°(G, A) = A®. We also see from this calculation that B'(G,A) = imd° = 
IDer(G, A). Finally we notice that a 1-cocycle is a function W : G > A such that 
w(1) = 0 and (0'w)(gh) = gv¥(h) — (gh) + ¥(g) = 0 for all gh € Gr ie. wo 
is a derivation! Hence the bar resolution provides a direct proof that H!(G,A) ~ 
Der(G, A)/IDer(G, A). 


We will also need the following 


Example 4.7.3. e B7(G, A) is the set of all » : G x G— A such that W(1,g) = 


v(g,1) = Oand ¥(f, 9) = (0"@)(f,9) = f4(9)—- (fg) +4(f) for some 6: G— A 
and f,g €G. 


e Z°(G, A) is the set of all » : Gx G > A such that (1,9) = v(g,1) = 0 and 
(Ov) (f,9,h) = ACE h)—v(fo9, h)+v(f, gh) —¢f, 9) = 0 for every f,g,h eG: 


4.8 H? and Beyond 


In this section we will give an interpretation of the second cohomology group. Let 


Acs E 4 G be an exact sequence of groups with A abelian. As usual, we will write 
operations in A additively and in F and G multiplicatively. . thus transfers sums 
into products. We claim that in this situation we have a natural action of G on A, 
making A a G-module. Note first that E naturally acts on A by conjugation since A 
is embedded as a normal subgroup of F (since A is the kernel of 7). We then define 
the induced action of G ~ E/A on A by the following procedure: given g € G, find 
g € E such that 7(g) = g. Then define i(ga) = gi(a)g~',a € A. We can rewrite this 
as 


gu(a) = u(ga)g. (4.21) 


It is easy to check that the axioms for a G-module are satisfied (in particular, one 
would need to verify that .((gh)a) = e(g(ha)) for g,h € G) and we define an extension 
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of G by a G-module A to be the above exact sequence of groups together with the 


described G-module structure. Two extensions A > E -» Gand A> E! + G are 
said to be equivalent if there exists a group homomorphism ~ making the following 
diagram commute. 


A —+ f —_+G 
| 

J ow | 
Y 

A —> EL’ —+G 


Note that ~ is necessarily an isomorphism by (1.1.1). 


Suppose now we are given a set-theoretic section of 7, i.e. a functions: G—- E 
such that 70s = 1g. We shall also assume the normalization condition that s(1) = 1. 
If s is a homomorphism then the extension is said to split and s is called a splitting. 
We know its structure by the following argument. 


Proposition 4.8.1. Under the assumptions in the last paragraph we have EF ~ AxG. 


Proof. To see this, use the obvious set-theoretic bijection (a, g) ++ L(a)s(g) between 
Ax G and EF and compute the E-induced group law on A x G making this bijection 
an isomorphism of groups: 


(a,g).(b,h) = (a)s(g)e(b)s(h) 
L(a)e(gb)s(g)s(h) by 
L(a + gb)s(gh) 

= (a+ gb, gh) 


I 


for a,b € A and g,h € G. But this is by definition the semidirect product. Note that 
this is another proof that A x G is indeed a group. 


We can deduce even more: in case G acts trivially on A, then the above calculation 
shows that FE is isomorphic to the direct product A x G and the splittings are in 
1-1 correspondence with homomorphisms G — A. When we first introduced the 
semidirect product, we promised to later reveal a close connection to derivations. 
Here now we redeem this promise by proving 


Corollary 4.8.2. Let A “, EG be an extension of G by A giving rise to a given 
action of G on A and let Sg(G, A) be the set of splittings of this extension. Then 
there is a 1-1 correspondence 


Sp(G, A) © Der(G, A). 


Proof. By we can analyze the generic extension A -s E 4 G via the canonical 
split extension 0 — A> AxG—>G- 1. A functions: G—> AxG with 
m7 08 = lg then has the form s(g) = (dg,g), where d is a function G > A. We 
have s(g)s(h) = (dg +g-dh,gh), so s will be a homomorphism if and only if d is a 
derivation proving the claim. 


Let us now ask the question what happens if the section s is not a homomorphism. 
In fact, let us try to measure by how much sg fails to be a homomorphism. For this 
purpose define a function f : G x G > A by noting that both s(gh) and s(g)s(h) 
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map to gh in G via z. Thus, they must differ by an element in kerma = imv. We then 
define f such that 


s(g)s(h) = (f(g, h))s(gh). (4.22) 
Note that normalization of s, i.e. s(1) = 1, implies 
f(l,h) =0= f(g, 1) (4.23) 


for all g,h € G so that f is normalized in the sense of the standard resolution. We 
call f the factor set associated to the extension A -, E + G and the section s. 


Next we will show that a given extension A “+ E> G can be completely recovered 
from the factor set and the G-module structure on A. As before, we use the usual set- 
theoretic bijection A x G > E sending (a, g) +> e(a)s(g) to determine the E-induced 
group law on A x G making the set-theoretic bijection an isomorphism of groups. Let 
(a,g),(b,h) € Ax G, then 


u(a)s(g)e(b)s(h) = e(a)e(gb)s(g)s(h) using (4.21) 


a+ gb)t(f(g,h))s(gh) 
at gb + f(g,h))s(gh). 


I 
= 
= 


Thus the group law on A x G is 
(a, g).(b,h) = (a+ gh + f(g,h), gh) (4.24) 


which looks like the product in A =x G “perturbed” by f. Let us denote A x G with 
the above group law by A =~ G. Then EF ~ A ™;+ G and by composing z and a with 
the constructed isomorphism we obtain a canonical inclusion A + AG noting that 


u(a) = o(a)s(1), 

a++ (a, 1) (4.25) 
and a canonical projection A xs G~ E > G by a(a,g) = a(e(a)s(g)) = 9, 

(ag) g (4.26) 
making the original extension A + po G equivalent to the extension 


0+-A>AxmpGoGHo0 (4.27) 
entirely defined in terms of G, A, f and the relations (4.24), (4.25) and (4.26). 


Conversely, we now want to show that given a function f : G x G— A satisfying 
(4.23), we can construct an extension with normalized section. To do this, we would 
like to define a group A ¢G by (4.24). However, one checks quickly that associativity 
in A x, G is only warranted if f satisfies the following identity: 


f(g,h) + f(gh, k) = gf(h,k) + f(g hk) for g,h,keG. (4.28) 


We claim that imposing conditions (4.23) and (4.28) on f is enough to produce an 


extension. To prove this, note that | ) implies that (0,1) is a two-sided identity 
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under (4.24). We also compute inverses. Given (a, g) € As G, solve (a, g)(b,g~') = 
(0,1) and ~1)(a,g) = (0,1) for b and b’ to obtain a right and a left inverse and 


then use associativity given by (4.28) to get 
-gta—g' f(g,g-')=b= =—-g™* — f(g, 9). 


Then, define homomorphisms according to (4.25) and (4.26) and note that these make 
(4.27) exact. Finally, we just need to check that (4.27) gives rise to the given action 
(4.21) of G on A and that the factor set associated to (4.27) and the canonical section 
g > (0,g) is the original function f. The calculations involved are routine and will 
be omitted. We have thus shown that there exists a 1-1 correspondence 


extensions A> E —» G functions G x G—> A 
satisfying (4.23) and (4.28) 


with a normalized section 


Note now that we can rewrite (4.28) as 


gf(h,k) — f(gh, k) + f(g, hk) — f(g,h) =0 (4.29) 


which should look very familiar in view of example (4.7.3). Recalling that f is nor- 
malized, we then get 


( extensions A> E > G ( normalized 2-cocycles of G 
6 


with a normalized section with coefficients in A 


Finally, we claim that choosing a different section for a given extension translates 
precisely into modifying the corresponding 2-cocycle f by a 2-coboundary. To see this, 
let s: G— Ax/G be a given section and note that any other section s’: G+ AxsG 
differs from s by an element in ker 7 = imz, i.e. s’(g) = 4(¢(g))s(g) for some function 
@:G-— A and for all g € G. Hence, 


s(g)s'(h) = 4(9(9))s(g)e(o(h))s(h) 
= u9(g) + 96(h))s(g)s(h) 
= u9(g) + 96(h))e(F(g, 2))s(gh) 
= u(6(g) + 99(h) + f(g.) )((gh)~")s"(gh) 
= u(b(g) + 99(h) + f(g,h) — o(gh))s'(gh). 


So if we denote the factor set corresponding to s’ by f’, we get 


f'(g9,h) = o(g) + go(h) + f(g,h) — O(gh). 
Let » = f’-f:GxG—A, then 


V(g,h) = gb(h) — (gh) + o(9) 


which, together with the normalization satisfied by this w, is exactly the requirement 
for being an element in B?(G, A), the set of 2-coboundaries of G with coefficients in 
A (cf. example (4.7.3)) which proves the claim. We have therefore proved: 


Theorem 4.8.3. Let A be a G-module and let E(G, A) be the set of equivalence classes 
of extensions of G by A giving rise to a given action of G on A. Then there is a 1-1 
correspondence 


£(G, A) © H2(G, A). 
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This result gives a group-theoretic interpretation of H?(G, A). Notice how once 
again we connected the process of measuring a defect to computing cohomology 
groups. As a final remark, we state that these considerations can be taken further 
to give group-theoretic interpretations of H” for n > 3. The essential tool used for 
these investigations are so-called n-extensions of G by A which are exact sequences 
of the form 


O09 AS Eno: OE OG 0. 


An extension is thus just a 1-extension. 


4.9 Change of Groups and the Restriction-Inflation 
Sequence 


We have already shown that, when G is fixed, H,(G,A) and H"(G, A) are covari- 
ant functors of the G-module A. In this last section, we show how to make group 
(co)homology functors into functors of their first variable. This process is also know 
as the change of groups. 


We begin by making precise a definition we have encountered earlier: a covariant 
homological 6-functor between two categories 2 and % is a collection of additive 
functors T,, : 2 — 8 for n > 0, together with connecting morphisms 6, : T,(C) > 
Tn—1(A) defined for each short exact sequence 0 — A> B > C > 0 in 2 such that 
the following two conditions hold: 


1. For each short exact sequence as above, there is a long exact sequence 
iT eC (Ay Be Cy (Ay as 


with the convention that T;, = 0 for n < 0. In particular, To is right exact. 


2. For each morphism of short exact sequences from 0 + A’ > B’ + C’ > 0 to 
0+ A> BC -0, the connecting morphisms give a commutative diagram 


i.e. 6 is natural. 
The definition for a covariant cohomological 6-functor is similar. 


Example 4.9.1. We showed in and how to construct connecting ho- 
momorphisms 6 for the (co)homology functors H,,H” and the left derived functors 
LnT. In both cases, one can show that 6 is natural thus proving that these functors 
indeed each form a 5-functor. For details see p. 14, p. 45]. 


We need two more definitions. A morphism S — T of 6-functors is a system of 
natural transformations S,, > T, (resp. S” > T”) that commute with 6. Pictorially 
speaking, this definition says that there is a commutative ladder diagram connecting 
long exact sequences of S and T. 
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We shall say a homological 6-functor T is universal if, given any other 6-functor 
S and a natural transformation fo : So — To, there is a unique morphism {f, : S, > 
T,} of 6-functors S and T that extends fp. Similarly, a cohomological 6-functor T is 
universal if, given S and f° : T° — §°, there exists a unique morphism T' > S' of 
6-functors extending f°. 


Theorem 4.9.2. Assume A has enough projectives. Then for any right exact functor 
F :2-— 8, the derived functors L,F form a universal 6-functor. 


Proof. We already know that L,,F' is a 6-functor. Suppose that T,, is another homo- 
logical 6-functor and that a natural transformation ¢9 : Ty > F (recall that Lo F ~ F 
by (3.2.1)) is given. We must show that ¢9 admits a unique extension to a morphism 
¢:T, + L,F of 6-functors. We do this by induction. Suppose that ¢; :T; > L)F 
are already defined for 0 < i < n, and that they commute with all the respective 
6;’s. Given A in 2, we choose a projective presentation K << P — A of A. Since 
L,F(P) = 0 by (3.2.2), we get a commutative diagram 


Ty (A) —*> Ts (KK) ——> Tn-1(P) 
|e [on 
0 SA 


with exact rows. Using the commutativity of the right square, we quickly check that 
there is a unique map ¢,, from T,,(A) to L, F(A) commuting with the given 6,,’s. For 
the proof that ¢, is indeed natural, we refer the reader to p. 47]. 


A similar theorem holds for right derived functors. 


We are now ready to talk about the change of groups. Let p: H — G be a group 
homomorphism. Let p* be the forgetful functor from INg to My which is clearly 
an exact functor. Note that there is a natural surjection (7A) — Ag. Similarly, 
there is a natural injection AT  (p#A)#. Let us write T,,(A) = H,(H, p*A) and 
T"(A) = H"(H,p* A). We showed in that left and right derived functors, 
in particular the group (co)homology functors, are universal 6-functors. Hence the 
just described natural surjection and injection uniquely extend to two morphisms 
Px = Gore, called corestriction, and p* = res&, called restriction, of 6-functors from 
Me to Ab: 


corS : H,(H,p*A)— H,(G,A) and resG : H"(G,A) > H"(H, p* A). 


Now let H be a subgroup of G. We showed before that ZG is then ZH-free 
(4.1.3). Hence as in the proof of Shapiro’s lemma, we may use any projective G- 
module resolution P —+ Z to compute the homology and cohomology groups of H. 
Let A be a G-module and recall the construction of the (co)homology functor. It 
then becomes clear that cor¢, is just the homology H,(a) of the chain map a : 
Py A — Pq A and that res% is the cohomology H"() of the cochain map 


(6: Home(P, A) > Homy(P, A). 


Example 4.9.3. Let H be the cyclic subgroup C,, of the cyclic group Cm. It is then 
clear that corG : Hn(Cm,Z) + Hn(Cmn,Z) is the natural inclusion Cp, Cnn for 
n odd, while res] : H"(Cimn,Z) 4 H"(Cm,Z) is the natural projection Cin — Cm 


for n even. This follows from (4.12) and (4.13). 
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Let H be a normal subgroup of G and A a G-module. The composite maps 


inf : H"(G/H, A®) + H"(G, A¥) — H"(G,A) and 
coinf : H,(G, A) > H,(G, Ay) > H,(G/H, Ax) 


are called the inflation and coinflation maps, respectively. We look back at the natural 
surjection and injection that gave rise to the restriction and corestriction map and 
see that when n = 0, inf : (A”)°/# + A® and coinf : Ag (An)a/H- 


Example 4.9.4. If A is trivial as an H-module, we see that inflation and restriction 
become the same map and coninflation and corestriction also become the same map. 
Thus by example we see that for n odd, the map coinf is again just the natural 
inclusion of C,, into Cm, and inf is the natural projection Cyn, onto Cm. 


Let H be a normal subgroup of G and let A be a G-module. We will now show 
that the following composition is the zero map for n # 0: 


H"(G/H, A®) ™ H(G, A) *$ H"(H, A). (4.30) 


To see this we use the standard resolution. Let f : @;_,(G/H) > A” be an n- 
cocycle. Then f induces the n-cocycle f’ : B7_, G + @j_, G/H > A” = A and 
the class of f’ is the inflation of the class of f. On the other hand, if 6: @j_, G> A 
is an n-cocycle, then the class of dl@r, x : @j_, H - A is the restriction of the 
class of ¢. Hence if @ = f’, it is clear that f"|@»_, 4 = 0. We remark that is 
called the restriction-inflation sequence and that, in general, it is not exact. We only 
remark that dually, there is also a corestriction-coinflation sequence 


H,(H, A) SF Hn(G, A) 2 Hy(G/H, An) 


satisfying coinf ocor = 0. 


Finally, let € be the category of pairs (G, A), where G is a group and A is a G- 
module. Define a morphism in € from (H, B) to (G, A) to be a pair (9: H > G,¢: 
B — p* A), where p is a group homomorphism and ¢ is an H-module homomorphism. 
@ induces a map from H,,(H,B) to H,,(H,p*A) without the need for change of 
groups. Composing the induced map with corG, we obtain a map from H,,(H, B) 
to H,(G, A). It is then easy to check that the n*” group homology functor H,, is a 
covariant functor from € to 26. Similarly, we make the n“” group cohomology functor 
AT” into a contravariant functor by letting D be the category with the same objects as 
¢ but with morphisms from (H, B) to (G, A) of the form (9: H > G,w: p*#A = B). 
Applying res% to H"(G, A) first gives a map H"(G, A) > H"(H, p# A). Composing 
with the obvious w-induced map, we obtain H"(G, A) > H”"(H, B). Again, it is not 
hard to check that H” becomes a functor from D to 2b. 
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